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ADJOINTS OF ELLIPTIC CONE OPERATORS 



JUAN B. GIL AND GERARDO A. MENDOZA 



Abstract. We study the adjointness problem for the closed extensions of a 
general fe-elliptic operator A g x~'' Diff™(A^; E), u > 0, initially defined as an 
unbounded operator A : C^{M;E) C xt^Ll{M;E) xt^Ll{M;E), fj. & R. 
The case where A is a symmetric semibounded operator is of particular interest, 
and we give a complete description of the domain of the Friedrichs extension 
of such an operator. 



1. Introduction 

Let Mq be a smooth paracompact manifold, m a smooth positive measure on 
Mq. Suppose A : C^(Afo) C^{Mo) is a scalar linear partial differential operator 
with smooth coefficients. Among all possible domains T) C L^(A/o,m) for A as an 
unbounded operator on L'^{Mq) there are two that stand out: 

'DmUA) = {m e i2(Mo,m) I Au e L^{Mo,m)} 

where Au is computed in the distributional sense, and 

^min(^) = completion of C^(Mo) with respect to the norm ||w|| + ||^w||, 

which can be regarded as a subspace of i^(A/o,m). Both domains are dense in 
L^(Mo,m), since C^(Mo) C T>^in{A) C Pmax(^), and with each domain A is 
a closed operator. Clearly V^i^iA) is the smallest domain containing C^{Mo) 
with respect to which A is closed, and I'max(^) contains any domain on which the 
action of the operator coincides with the action of A in the distributional sense. 
Also clearly, A with domain X'niax(^) is an extension of A with domain X'min(A). 

If Mq is compact without boundary and A is elliptic then I?niax(^) = T^min{A); 
the interesting situations occur when A is non-elliptic or Mq is noncompact. In 
this paper we shall analyze the latter problem, assuming that Mq is the interior 
of a smooth compact manifold M with boundary and that A G x~'^ DiS^{M; E), 

> 0, is a 6-elliptic 'cone' operator acting on sections of a smooth vector bundle 
E ^ M; here x : M — > R is a smooth defining fimction for dM, positive in Mq. 

The elements of Diff™(M;£') are the totally characteristic differential opera- 
tors introduced and analyzed systematically by Melrose These are linear op- 
erators with smooth coefficients which near the boundary can be written in lo- 
cal coordinates (x, j/i, . . . , ?;„) as P = J2k+\a\<TnO-ka{xD^)'' Dy . Such an opera- 
tor is 6-elliptic if it is elliptic in the interior in the usual sense and in addition 
J2k+\a\=m ^ka{0, y)£,^'ri°' \s iuvcrtible for 77) 7^ 0; this is expressed more concisely 
by saying that the principal symbol of P, as an object on the compressed cotan- 
gent bundle (see Melrose, op.cit.), is an isomorphism. It follows from the definition 
of &-ellipiticity that the family of differential operators on dM given locally by 
Pq{'^) = '^j+\a\<m '^a.ji^, u)'^'' Dy , Called the indicial operator or conormal symbol 
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of P, is elliptic of order m for any cr G C. For the general theory of these oper- 
ators and the associated pseudodifferential calculus the reader is referred to the 
paper of Melrose cited above, his book |9|, as well as Schulze An oper- 

ator A G a;"''Difr"(M;£') is 6-elliptic if P = x" A is 6-elliptic. By definition the 
conormal symbol of A is that of P. For more details see Section ||. 

The measure used to define the spaces will be of the form x^m for some real 
^, where m is a 6-density, that is, xm is a smooth positive density. The spaces 
L'^{M; E; x^m) are defined in the usual way with the aid of a smooth but otherwise 
arbitrary hermitian metric on E. These spaces are related among themselves by 
canonical isometrics with which L'^{M; E; x^m) — x^^^^^LKM, E), where Ll{M, E) 
is the space defined by the measure m itself. 

This said, the general problem we are concerned with is the description of the ad- 
joints of the closed extensions of a general ^-elliptic operator A G x~^ Diff™(M; E) 
initially defined as an unbounded operator 

(1.1) A : C^{M; E) C x>'LI{M; E) x''LI{M; E). 

The case where A is a symmetric semibounded operator is of particular interest, and 



we give, in Theorem 8.12, a complete description of the domain of the Friedrichs 
extension of such an operator. 

Differential operators in a;""^ Diff™(M; iJ) arise in the study of manifolds with 
conical singularities. The study of such manifolds from the geometric point of view 
began with Cheeger [^, and by now there is an extensive literature on the subject. 
In the specific context of our work, probably the most relevant references, aside 
from those cited above, are the book by Lesch Q], and the papers by Briining and 
Seeley [Q, ||, and Mooers ||ll|. See also Coriasco, Schrohe, and Seller | |T^ . 

As already mentioned, the domains T>^i^{A) and 2?niax(^) need not be the same. 
The object determining the closed extensions of A is its conormal symbol Po(o') : 
C°°{dM) C°°{dM). Because of the 6-ellipticity, this operator is invertible for 
all a G C except a discrete set speCj(A), the boundary spectrum of A (or P), a set 
which (again due to the 6-ellipticity) intersects any strip a < Scr < 6 in a finite set. 
It was noted by Lesch that X'niin(^) = T^maxiA) if and only if spec5(A) n {— — 
I' < 5(7 < — /i} = 0. Also proved by Lesch [op.cit.. Proposition 1.3.16] was the fact 
that I?max(^)/2^min(^) is finite dimensional. This provides a simple description 
of the closed extensions of A: they are given by the operator A acting in the 
distributional sense on subspaces V C xt'LKM^E) with Pmin(^) CVc V^^JA). 
These results and others, also due to Lesch (op.cit.) are reproved in Section y for 
the sake of completeness, with a slightly different approach emphasizing the use of 



the pseudodifferential calculus, for totally characteristic operators 10 , or for the 
cone algebra jlj]. In that section we also prove a relative index theorem for the 
closed extensions of A. 

From the point of view of closed extensions there is nothing more to understand 
than that they are in one to one correspondence with the subspaces of S{A) = 
^'max(^)/2'min(^)- The problem of finding the domain of the adjoint is more 
delicate, and forces us to pass to the Mellin transforms of representatives of elements 
of £. Our approach entails rewriting the pairing [u, v]a = (Au, v) — (u, A*v), defined 
for u G 2?max(^) and v G 2?niax(^*), where A* is the formal adjoint of A, in terms 
of the Mellin transforms of u and w, and proving certain specific nondegeneracy 
properties of the pairing. It is generally true (and well known) that in a general 
abstract setting, [■,-]a induces a nonsingular pairing of £{A) and £{A*). In the 
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case at hand, there is an essentiahy weh defined notion of an element u G I'max(^) 
with pole 'only' at o-q G spec^(A) n {—fi — v < 3(t < —^i}. If (Tq G speCf,(A) then 
CTo — i{v + 2/i) G specj(^*), and we show, for example, that the restriction of the 
pairing to elements u 6 I?max(^) with pole 'only' at ao and elements v in X'maxC^*) 
with pole 'only' aX Wo ~ i{v -\- 2/i) is nonsingular (modulo the respective minimal 
domains). 

Our analysis of the pairing begins in Section ^ with a careful description of 
the Mellin transforms of elements in 'D^sx{A). The main result in that section is 
Proposition 



In Section ^ 



Lp.g| , a result along the lines of part of the work of Gohberg and Sigal ^ . 
we prove in a somewhat abstract setting that the pairing alluded to 
above for solutions with poles at conjugate points is nonsingular (Theorem ^.4| ). In 
Section ^we link the pairing [•, ■]a with the pairing of Section ^ The main results 



are Theorems 7.11 and 7.17. The first of these gives a formula for the pairing 



which in particular shows that the pairing is null when the poles in question are 



not conjugate, and the second, which is based on the formula in Theorem 7.11 and 



Theorem 6.4, shows that the pairing of elements associated to conjugate poles is 
nonsingular. The formulas are explicit enough that in simple cases it is easy to 
determine the domain of the adjoint of a given extension of A. 

We undertake the study of the domain of the Friedrichs extension of 6-elliptic 



semibounded operators in Section g. The main result there is Theorem B.12, which 
is a complete description of the domain of the Friedrichs extension. Loosely speak- 
ing, the domain consists of the sum of those elements u G "DmaxC^) with poles 'only' 
in — /i — v< 9(7 < — /i — v/2 and those with pole 'only' at Scr = — v/2 and 'half 
of the order of the pole. Finally, in Section ^ we collect a number of examples that 
illustrate the use of Theorems [7.11 , 7.17, and 8.12| . 



Any closed extension of a 6-elliptic operator A g a; DifF™(M; E) as an operator 
V C xfLl{M;E) xf'Ll{M;E) has the space x^'+'' H^{M; E) in its domain. The 
space H™{M; E) is the subspace of Ll{M; E) whose elements u are such that for any 
smooth vector fields Vi, . . . , 14, fc < m, on M tangent to the boundary, Vi . . . VkU £ 
L\{M] E). Other than this, the set of domains of the closed extensions of different 
^-elliptic operators in x^'^ Diff™(M; i?) are generally not equal. In Section ^ we 
provide simple sufficient conditions for the domains of two such operators to be the 
same. Not unexpectedly, these conditions are on the equality of Taylor expansion at 
the boundary of the operators involved, up to an order depending on v. We prove 
in particular that under the appropriate condition the domains of the Friedrichs 
extensions of two different symmetric semibounded operators are the same. This is 
used in Section || as an intermediate step to determine the domain of the Friedrichs 
extension of such an operator, and a refinement of the condition is obtained as a 
consequence. 

Operators of the kind we investigate arise naturally as geometric operators. In 
such applications /i is determined by the actual situation. It is convenient for us, 
however, to work with the normalization 

^-M-W2^a;M+--/2 . c^[M-E) C x-''/^Ll{M;E) x'"/^ LI{M; E). 



rather than (1.1). Since the mappings : x^^L'l{M;E) x^^^ L'l{M; E) are 
surjective isometrics, this represents no loss. In particular, adjoints and symmetry 
properties of operators are preserved. Also to be noted is that these transformations 
represent translations on the Mellin transform side, so it is a simple exercise to 
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recast information presented in terms of Mellin transforms of the modified operator 
as information on the original operator. 



2. Geometric preliminaries 

Throughout the paper M is a compact manifold with (nonempty) boundary 
with a fixed positive ^-density m, that is, a smooth density m such that for some 
(hence any) defining function x, xm is a smooth positive density. We will also fix a 
hermitian vector bundle E ^ M . 

Fix a collar neighborhood Uy for each boundary component Y of M, so we have 
a trivial fiber bundle iry ■ Uy — > Y with fiber [0,1). We can then canonically 
identify the bundle of 1-densities over Uy with |A|[0, 1) (8> |A|^ (the tensor product 
of the puUback to [0, 1) x F of the respective density bundles). 

Let m be a ^-density on |A| [0, 1)(X)|A|5^- Then there is a smooth defining function 
a; : y X [0, 1) — > K vanishing at F x 0, and a smooth density my on Y, such that 

dx 

m = — (g) my 

X 

Indeed, let ^ be the variable in [0, 1). Over the boundary of [0, 1) x F we then get, 
canonically, = c?^ (g) my. Then, on [0, 1) x Y, m ~ my with h smooth, 
positive, h(0,y) = 1. Let x = where g is determined modulo constant factor 
by the requirement that = (dj means differential in the variable ^; this 

makes sense since we are dealing with a product manifold). Thus g{£,,y) should 
satisfy the equation 

dg ^l-h 

Since h = 1 when ^ = 0, the solutions g are smooth across ^ = 0. Pick the one 
which is 1 when ^ = 0. 

We fix the choice of x for each boundary component. When working near the 
boundary we will always assume that the defining function was chosen above, and 
that the coordinates, if at all necessary, are consistent with a choice of product 
structure as above. By dx we mean the vector field tangent to the fibers of Uy Y 
such that dxX — 1. 

lfE,F ^ M are (smooth) vector bundles and P £ Diff"(M ; E, F) is a ^-elliptic 
differential operator, then E and F are isomorphic. This follows from the fact that 
the principal symbol of P is an isomorphism tt*E tt*F where tt : 'T*M\0 M 
is the projection, and the fact that the compressed cotangent bundle ^T*M admits 
a global nonvanishing section (since it is isomorphic to T*M and M is a manifold 
with boundary). Thus when analyzing 5-elliptic operators in Diff™(A/; F) we 
may assume F = E (for more on this see Q). 

The Hilbert space structure of the space of sections of i? M is the usual one, 
namely integration with respect to m of the pointwise inner product in E: 



{u, v)l2(^m;E) = / i.'^-, v)e m if u, u e Lg(Af ; E). 
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Fix a hermitian connection V on £'. If P £ Diff™(A/;£'), then near a boundary 
component one can write 

m 

where the Pi are differential operators of order m — t (defined on Uy) such that for 
any smooth function (/)(a;) and section u oi E over Uy, Pii4'{x)u) = (j){x)Pi{u), in 
other words, of order zero in VxD^- P is said to have coefficients independent of x 
near Y if \7g^Pk{u) = Pk{Vo^u) for any smooth section u oi E supported in Uy- 
By means of paraUel transport along the fibers of Uy — > Y one can show that if 
P e BiS^ {M;E), then for any N there are operators Pk, Pn e Diff^(M; such 
that 

N 
k=0 

where Pk has coefficients independent of x near Y . If Pk has coefficients independent 
of X near Y then so does its formal adjoint P^. To see this recall that since the 
connection is hermitian, dx{u, v)e = (Vg^u, v) + {u, Va^w) if u and v are supported 
near y, so if they vanish on Y then 

One derives the assertion easily from this. 

Fix u! £ Cj?°(— 1, 1) real valued, nonnegative and such that = 1 in a neigh- 

o 

borhood of 0. The Mellin transform of a section of C^(M; E) is defined to be the 
entire function u : C ^ C°°{Y; E) such that for any v £ C°°(Y] E\y) 

(2.1) {x^'''uj{x)u,nYv)L2(M.E) ^ :r I {H<^,y)^'"{y))LHY-E\Y)d<J 

By TTyV we mean the section of E over Uy obtained by parallel transport of v along 
the fibers of ny. Thus if u G C°°{Uy;E) is such that Vg^it = and £ 0^(0, 1), 
then 

(j)u{a) = uj(f>(a) u 

where uj(j){a) is the "usual" Mellin transform of cji/). The only point here is that we 
incorporate the cut-off function into the definition. As is well known, the Mellin 
transform extends to the spaces .T^i^(Af, E) in such a way that if u £ x'^LKM, E) 
then u{a) is holomorphic in {3(t > — /i} and in i^({3(T = — /i} x Y) with respect 
to da eg) my . 

The conormal symbol Pq of P £ Diff™(Af) is the operator valued polynomial 
defined by 

Po(ct)(w) = x-'^P{x'^TT;^u)\y, u £ C°°{Y-Ey),ae C. 
It is easy to prove that Pq (cr) = (Po(ct))*. 

3. Closed extensions 

Recall first the abstract situation (cf. ||l2|), where A : 2?niax C H ^ H is a 
densely defined closed operator in a Hilbert space H. Thus 2?max is complete 
with the graph norm || • \\a induced by the inner product {u,v) + {Au,Av), and if 
2? C X'max is a subspace, then A : V d H ^ H is a. closed operator if and only if V 
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is closed with respect to || • \\a- Fix Pmin C 2?max, suppose I?min is dense in H and 
closed with respect to || • \\a- Let 

(3.1) D = {X> C Anax I 2?mi„ C P and I? is closed w.r.t. || ■ |U} 

Thus D is in one to one correspondence with the set of closed operators A : V C 
H H such that Cmin C I? C I?max- For our purposes the following restatement 
is more appropriate. 

Proposition 3.2. The set !D is in one to one correspondence with the set of closed 
subspaces of the quotient 

(3.3) S = ^^max/^min 

In our concrete case A € Diff™(M;i?), > 0, is a ^-elliptic cone operator, 
considered initially as a densely defined unbounded operator 

(3.4) A : C^{M;E) C x'"'^ LI{M; E) x-"/^ LI{M; E). 

We take I?inin(^) as the closure of (|3.4[ ) with respect to the graph norm, and 

2?max(A) = {ue x-'^/^LliM; E)\Aue x-^'^LUM- E)}, 
which is also the domain of the Hilbert space adjoint of 

A* : P^in(A*) C x-'/^LliM-E) x-'/^ LI{M; E). 

Thus I?max is the largest subspace of x~'^^^Lf{M; E) on which A acts in the dis- 
tributional sense and produces an element of x'^^'^Ll{M; E); one can define A on 
any subspace of Pmax by restriction. These definitions have nothing to do with 
ellipticity. The following almost tautological lemma is based on the continuity of 
A : x^/^H^iMiE) x-^/^LKM; E) and the fact that C^{M;E) is dense in 
W2i7™(Af;£;). 

Lemma 3.5. Suppose A e x^^^^LKM; E), let V C Pmax(^) be such that A : V C 
x-^/^LliM-E) x-''/^Ll{M;E) is closed. IfV contains x'^^^Hl'^iM; E) then V 
contains V^in{A). In particular, x"/'^ H'^iM; E) C Dinin(^)- 

Adding the 6-ellipticity of ^ as a hypothesis provides the following precise char- 
acterization of I?inin (A) : 

Proposition 3.6. If A e x^"/"^ Ll{M; E) is b-elliptic, then 

1. V^UA) = Anax(A) n (n,>o x'''^~'Hl^{M-E)) 

2. Pmin(A) x'^/^H^iM; E) if and only if speCf,(^) n {Sct = -u/2} = 0. 

The proof requires a number of ingredients, beginning with the following funda- 
mental result 0, 

Theorem 3.7. Let A e x^'^ Diff™(M; E) be b-elliptic. For every real s and 7, 

A : x^H§{M; E) x''-''H,^'"'{M; E) 

is Fredholm if and only if speCj(A) H {Su = —7} = 0. In this case, one can find 
a bounded pseudodifferential parametrix 

Q : x'^~''H'^-"'{M; E) ^ x-'H'^iM; E) 

such that R = QA — 1 and R = AQ — 1 are smoothing cone operators. 
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Note that if A is 6-elliptic we always can find an operator Q such that 

QA-l: x^H^{M; E) ^ x^Hf^{M; E) and 

AQ-l: x^-^'HIiM; E) x'^-''H^{M; E) 

are bounded for every s G M, even if the boundary spectrum intersects the hue 
{Sct = —7}- Also in this case kerA and kerA* are finite dimensional spaces. 
Moreover, for every u G x^ H^{A1 ; E), 

< UQA-l)u\\^-,H^ + \\QAu\U,H^, 

which implies 

(3.8) Mx->H^^ < Cs 

for some constant Cs,^ > 0. 

As noted above, there is a bounded operator Q : x'^~'^ H^^"^ such that 

R^QA-1: x'^H;;-"' x^H^ is bounded. Hence for u e x^ 

\\u\\x-im < WRuW^jm + WQAuW^^Hi-, 



which implies the estimate (3 



Lemma 3.9. There exists £ > such that 

V„,,^{A)^x-'/^+'Hr{M;E). 



Proof. The inclusion follows from (3.8) and the fact that, if u G 2?max(^) then u 
has no poles on {3cr = Choose e > smaller than the distance between 

speC{,(A) n {Qct < and the fine {Qcr = The continuity of the embedding 

is a consequence of the closed graph theorem since 2'max(^) and a;~'^/^+^iJ™ are 
both continuously embedded in x^'^^^L^. □ 

Recah that x-''/^+^ HJ^{M; E) is compactly embedded in x'^/^LKM; E). Hence 
if A with domain V is closed, then 

(3.10) (2), II • lU) ^ x-^/^LliM-^E) compactly. 

That this embedding is compact is a fundamental difference between the situation 
at hand and 6-elliptic totally characteristic operators and is due to the presence of 
the factor x~'' in A. 

Lemma 3.11. Let -f G [— i^/2,i//2] be such that spec^{A)r\{Qa = —7} = 0. Then 
A with domain 'D^^^{A) n x'^ {M ; E) is a closed operator on x~''/'^Ll{M]E). 

Proof. Let {wri}nGN C I'max(^) H x^ HJ^ with u„ — > u and Aun — > / in x'^^^Ll. 



Further, let Q be a parametrix of A as in Theorem 3.7. In particular, 

QA=1 + R: x'<Hl^{M; E) x''Hl'\M; E) is Fredholm. 

So, Aun f implies (1 + R)un Qf in x'^HJ^, and Qf = (1 + R)u for some 
u G x'^HJ^. Now, since dimker(H-i?) < 00, there is a closed subspace H C x~''/'^Ll 
such.i\i&ix-''''^Ll{M]E) = i7®ker(l+i?). If tth denotes the orthogonal projection 
onto H, then TTnUn —> ttru in x^'^^'^Lf^ and, as above, 

(1 + R)nHUn ^ (1 + R)tthu in x'^i/™. 
Thus TTHUn — > TTHU in x'^H^ ^ x^^^^Lf which implies that tthu — tthu G x'^ Hl^\ 
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On the other hand, (1 - 7r//)M„ ^ (1 - tt//)?/ G ker(l + R) C x''Hl'\ Therefore, 
u £ x''Hl" and Au — f. In other words, A with the given domain is closed. □ 

Momentarily returning to the abstract situation of a densely defined closed op- 
erator A : I?max C H ^ H, let 2?^;^ be the domain of its adjoint. Further, let 
f^^x be the domain of the adjoint of A : Pmin C — > if, and denote this adjoint 
by A*. Then we have T)^^^ C ^'max- 



Let S)* and £* be the analogues of (3.1) and (3.3) for A*. Define 

by 

(3.12) [u, v]a = {Au, v) ~ (u, A*v). 

Then [u, v]a = if either u G Anin or v e I^minJ ']a induces a nondegenerate 

pairing 

Indeed, suppose u G X'max is such that [u, v]a — for all v e 2^max- Then {Au, v) = 
{u, A*v) for all v G Z^max: which implies that u belongs to the domain of the adjoint 
of A* : 2?*jjax C H ^ H, that is, u G Pmin- Thus the class of u in £ is zero. 
Likewise, if w G 1)^^^ and [w, u]a = for all u G I?max then v G T^tuin- 

Given 2? G S, let V-^ C 'D*-^^^. be the orthogonal of T> with respect to [•, -Jyi. 

Proposition 3.13. Let V eD. The adjoint A* of A : V C H ^ H is precisely the 
operator A* restricted to . Consequently, A is selfadjoint if and only if'D = T)^ . 

Proof. Let A* : V* C H ^ H be the adjoint of Al-p. We have {Au,v) = {u,A*v) 
for all u € V, V e V-^. Thus C V* and A*v = A*v if v eV-^. On the other 
hand, since V* C 2?max (because P D 2?min), it makes sense to compute [u, v]a for 
u €z V and v G V* . For such u, v we then have [Ujwjyi = since A*v — A*v for 
every u G I?* . Thus V* C T)-^ which completes the proof that V* ~ T)^ . □ 

Proof of Proposition \3. (\ . To prove part ^ we will show inclusion in both directions. 
If £ > is such that specj(A) n {3a = — i//2 + e} = 0, then 

x'^/^H^{M; E) C I?„,ax n x''/^-'Hr{M; E), 

so from Lemmas ^ and |T1] we deduce r»min(^) C X>max(^) n x"'/'^"^ H^{M; E). 
Thus, 

Anin(A) C P„,ax(A) H f| x'' '^'^ {M ; E) . 
e>0 

To prove the reverse inclusion let u G 2?max H n->o x'^^^^'^HJ^ and set u„ = 
for n G N. Then {un}n<£N is a sequence in x'^^^HJ^^ and as n oo 
u„ -> u in x'^/^-e^m^ and Au„ ^ in x-"/^-^LI 

for every e > 0. In particular, x^ Aun x^ Au in x^^^^L^. Choose e sufficiently 
small such that r'max(A*) C x^^^/^+e^m (Lemma Uj). Then for w G X>,„ax(A*) 



(j4u„,i;) = (a;^Au„,a; ^f) ^ (a;^Au, a; '^u) = {Au,v) as n — > oo. 

On the other hand, {un,A*v) {u,A*v) and {Aun,v) ~ {un,A*v) since u„ G 
2?min(A). Hence (Au, u) = {u,A*v) for all G Pmax(A*), that is, [u,u]yi = for all 
V G 2?niax(A*) which implies u G r'min(A) since X^min(^) — ^max(-^*) 
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To prove part ||, suppose first that speCb(A) n {3<t = — — 0. Then 
Lemma 3.11 gives that A with domain Pmax(^) H x''^'^H^{M; E) is closed. Since 
C Pmax(A), Lemma |I5| imphes Pmin(^) = x''/'^H^{M]E). On 
the other hand, if Pn,in(A) = x''/'^H^{M]E), then A with domain x''/'^HJ^{M; E) 
is Fredholm, so by Theorem 3.7 speCf,(A) n {3ct = — = □ 

We will now prove that 2?iuax/Z^min is finite dimensional. This is a consequence 
of the following proposition, which is interesting on its own, see Lesch Lemma 
1.3.15, Prop. 1.3.16]. 

Proposition 3.14. If A E x^"^ DifF™(M; i?) is b-elliptic, every dosed extension 
A-.Vd x-^/^LliM- E) x-^/^LliM; E) 

is a Fredholm operator. Moreover, diniP(j4)/X'inin(j4) is finite, and 
ind All, = indyl|i>„,„ + dimV{A)/Vmin{A). 

In particular, 

£{A) ~ P,iiax(A)/^min(A) is finite dimensional. 

Below we will give a proof different from that of Lesch. That the dimension 
of V^axiA) /T>^in{A) is finite can also be proved by observing that if A = x^T 
with P G Diff"(M;i;) and Au e x-^^^LKM; E), then Pu e x"/'^ Ll{M- E), so 
the Mellin transform of Pu is holomorphic in 3cr > —v/2, from which it follows 
that u{a) is meromorphic in 3cr > — 1^/2, and holomorphic in 3<7 > v/2 since 
u G x-''/'^Ll{M;E) (see g, also |l§). On the other hand, if w G X'min, then u{a) 
is holomorphic in Scr > ~v/2. This type of argument leads to 

Corollary 3.15. //A G x"'' Diff™(M; iJ) is b-elliptic then 

Anin(A) - 2?max(A) «/ a?irf onZy i/ speCf,(A) n G I//2)} = 0. 

We will analyze £{A) more carefully in the next sections. This will entail some 
repetition of work done by Gohb erg and Sigal Q. 

Our proof of Proposition 3.14 requires the following classical result : 

Lemma 3.16. Let X, Y and Z be Banach spaces such that X ^ Y is compact. 
Further let T G C{X, Z). Then the following conditions are equivalent: 

1) dimkerT < oo and rgT is closed, 

2) there exists C > such that for every u G X 

\\u\\x < C'dl'filly + ll^^'^ll^) [a-priori estimate). 

Proof of Proposition 3.1^ . Using (3.1C) and Lemma 3.16| with X = [V, || • \\a) and 
Y = Z = x^'^/^Ll{M;E), we obtain dimkerAjx) < oo and rgAjp closed. On the 
other hand, the adjoint A* of a cone opera tor A is just a closed extensi on of its 
6-elliptic formal adjoint A* , cf. Proposition ^.13[ Applying again Lemma [3.16 we 
get dimker(A|x))* < oo. 

To verify the index formula consider the inclusion t : Pmin ^ 2? which is 
clearly Fredholm (use the same argument but now with X = (2?min7 1| ■ |U), Y ~ 
x-''/^Ll{M;E) and Z = {V, \\ ■ |U)). Then indt = - dimP/P^in, hence 

indyllu^i^ — md{A\x> o (,) = ind A|x) + indi — mdA\x> — diml?/2?i„in- 

□ 
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As a consequence of Propositions 3.2 and 3.14, for any closed extension of 
A : C^{M;E) C x-"/^LI{M;E) x-"/^LI{M;E) 
with domain 'D{A) there is a finite dimensional space £' C I?max(^) such that 
'D{A) — X'min(A) ® £' (algebraic direct sum). 
From Proposition 3.14 we also get the following two corollaries 

Corollary 3.17. Let A : Vi x^"/^ Ll{M; E) and A : V2 ^ x~''/^Ll{M\E) he 
closed extensions of A such that Vi C P2; indA|-pj < and mdA\x>2 > 0. Then 
there exists a domain V with Pi C P C 2?2 such that \ii(iA\x> = 0. 

The interest of this corollary lies in the fact that the vanishing of the index is 
necessary for the existence of the resolvent and of selfadjoint extensions. 

Corollary 3.18. Let A : Vi ^ x-^/^LKM; E) and A : V2 ^ x-^I^LUM^E) he 
closed extensions of A. Then 

indA|-D2 - indA|-D^ = dim2)2/Pmin - dim2?i/Pniin- 

In particular, if 2?i C I?2 then 

indj4|x)2 — indAjuj = dimX'2/Pi- 

This corollary implies the well-known relative index theorems for operators acting 
on the weighted Sobolev spaces x'yH^{M;E), cf. 0, 

4. Equality of domains 

In this section we give sufficient conditions for the domains of different operators 
to be equal. Of these results, only the one concerning Friedrichs extensions will be 
used later on. 

An operator A G x^" Diff™(M ; E) is said to vanish on DM to order k (k eN) if 
for any u G C°°{M; E), x^ Au vanishes to order k on dM . Let 

\s\ = min{fc G N I s < fc}. 

Proposition 4.1. Let Aq, Ai G a;"" Diff™(M; be b-elliptic. 

1. If Aq ~ Ai vanishes on dM, then Pminl^o) = Pmin(^i)- 

2. If Aq — Ai vanishes to order t <v — 1 on dM, ^ G N, then 

Pmax(Ao) n x^-'-^H^\M; E) = A,ax(Ai) H x'i''-^ H^^ {M; E). 

3. If Aq — Ai vanishes to order \v — 1] on dM, then Pmax(^o) = Pmax(^i)- 

4. If Af) and Ai are symmetric and hounded from helow andAo — Ai vanishes to 
order [i' — 1] ondM, then the domains of their Friedrichs extensions coincide, 
that is, 2?f(^o) = Vf{Ai). 

Proof. First of all, observe that in all cases it is enough to prove only one inclusion; 
the equality of the sets follows then by exchanging the roles of Aq and Ai. 
To prove part ^ write 

Ai= Aq + [Ai - Aq) = Aq + x^Tx 
with P G Diff™(M;£') and suppose u G I?„iin(^o)- There is then a sequence 
{un}neN ^ C^{M;E) such that u„ u and AqUu Aqu, in x^'^/^i^. Con- 
sequently, xun — > xu in 2;"/^/^™ and x~'^PxUn — > x~'^Pxu in x^'^^^Lf. Thus 

AlUn — ^ AqU + X^'^PXU which implies PminC^o) C I?min(^l)- 
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Now, let ^ e N, ^ < - 1, and let u e Anax(^o) n x'^/^-f-i^m^ ^his means 
u G a;''/2-^-iiJ™ and A^u e x-^/^Ll To prove that u £ PmaxC^i) n x'^l^-'^-^H^ 
we only need to show that Aiu belongs to x'^'/'^Ll. Let P G Diff™(M; E) be such 
that = Ao + x-^Fx^+i. Since u G x^/^-^-iff™ then i-^Pcc^+iit G x-^'/'^Ll. 
Hence Aiu G x^'^^^Ll which proves the second statement. 

To prove the third statement, let u G PmaxC^o), i = ['^ ^ 1]: and P as above. 
Then u G x-^/^H]^ and x'^Px^+^u G x^'^/^ig. Thus Aim G x-^^^LI and 

Anax(Ao) C Pmax(Ai). 

To prove part ^ we first prove the rather useful and well known abstract char- 
acterization of the domain of the Friedrichs extension of a symmetric semibounded 



operator given in Lemma 4.3 below. Suppose A : Pmin <Z H ^ H is a. densely 
defined closed operator which is symmetric and bounded from below. Let A* : 
2?max C 7? ^ if be its adjoint and let Ap : Dp C H ^ H he the Friedrichs 
extension of A. Define 

(4.2) (u, v)a* = C{u, v) + {A*U, v) for U, V e I'max, 

where c = 1 — co and cq < is a lower bound of A. 

Lemma 4.3. u G Pmax belongs to Dp if and only if there exists a sequence {u„}„gN 
in Pmin such that 

(u — Un, u — Un)A* ^0 as n ~^ oo. 

Proof. Because of the fact that V^i^ is dense in Vp with respect to the norm || • \\a* 
induced by (^), every u £ Vp can be approximated as claimed. 

Let now U G 2?max and let {u„}nGN C 2?min be such that {u — Un,U — Un)A* — > 0, 

so u„ ^ M in H. Let /C C -ff be the domain of the positive square root R of Ap + cl. 
Recall that Vp — Pmax n JC. Hence u G Pmax belongs to Vp if m G /C, and the 
identity 

||w„ - u^Wa* = \\Riun - ue)\\ 
implies that {i?u„}„gN also converges in H. Thus u £ JC since R is closed. □ 

We now prove part ^ of Proposition |4.l|. Suppose that Aq and Ai satisfy the 
hypotheses there. Then by parts |l| and |^, Pmin = i5min(j4o) = 2?min(Ai) and 
VmaK — Vn^axiAo) = Anax(Ai), and from the fact that A^ + Ai — 2Ao vanishes to 
order [i/ - 1] we also get that PminC^o + ^i) = X'^in and 2?inax(Ao + ^i) = I'max- 
Since Ag and Ai are symmetric and bounded from below, so is Aq + Ai. We will 
show that these three operators share the same Friedrichs domain by showing that 

(4.4) VF{Ao + Ai)cVpiAo)nVF{Ai). 

Suppose this has been shown. Since [u, wj^!,-, = [m, i'Iai = f^lAo+Ai, Propo- 



sition 3.13 implies that Aq is selfadjoint with either of the domains Vp{Aq) or 



Vp{Aq + Ai), and from the inclusion of the latter in the former one deduces the 



equality of these spaces, hence, that Vp{Aa) = Vp{Ai). To prove (4.4), sup- 



pose {AiU,u) ^-„/2]^2 > Ci{u,u)^-„/2]^2, i = 0, I, on I?min, let c = 1 — Co — ci. If 



u G Vp{Aq + Ai), then by Lemma 4.3 there is a sequence {wn}neN C I'min such 
that 

{Ao{u - Un),U- Un)^-,./2L2 + {Ai{u - Un),U~- U„)^-„/2i2 

b b 

+ c{u — Um u — Un)x->^/'^L'^ — ^ as n — ^ oo. 
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But then also 

(1 - Ci){u - Un,U - ■U„)^-,./2^2 + {Ai{u - Un),U- U„)^-„/2i2 

as n ^ oo, « = 0, 1, SO w e Pf(^o) n T>f{Ai). □ 

5. Spaces of Meromorphic Solutions 

If TiT is a finite dimensional complex vector space, we let (K) be the space 
of germs of if- valued meromorphic functions with pole at ao and f}olao{K) be 
the subspace of holomorphic germs. These are naturally modules over the ring 

Let i?"*- be another finite dimensional complex vector space. If V{(j) : K 
is a linear map depending holomorphically on cr in a neighborhood of cjq, then V 
defines a map ^ao{K) 9Jlcro(-R^), which we also denote by V. 

Lemma 5.1. Suppose that T'{a) is defined near a — ao, is invertible for a ^ 
(To ^ut V{ao) = 0. Then there are -01 , . . . , i/j^ S ^XIlao{K) be such that Pj{cr) = 
7^(cr)(V'j(o')) is holomorphic and /3i((To), ■ ■ • ,/3rf(o'o) is « basis of . For any such 
ipj, if u ^ DJlcro(K) and Vu G ijolo-Q (-R^), then there are fj £ Sjolaoi'C) such that 

" = Ej=i/jV'j- 



Proof. Let {bj}j^i be a basis of i?^ and define ipj = V~^{bj). Then the V'j are 
meromorphic with pole at cto, Vtpj = = bj is holomorphic, and the (3j(ao) form 
a basis of R^ . 

Let now ^pi, . . . ,iJd G ^ao{K) be such that (3j{a) = ■p(cr)('0j(o')) is holomorphic 
and /3i(cto), . . . ,Pd{<^o) is a basis of R-^. If / G Sjolcrg{R'^) then / — J2j fjPj 
some fj e i30[o-o(C), because the (3j{a'o) form a basis, and each /3j(o-o) can be 
written as a linear combination (over .ftolCTo(C)) of /3i,...,/3d- If 'Pu = / then 
V{u — ^"^^Q fji'j) = 0, so u = X]^=o/iV'j for f 7^ (To, which is the equality of 
meromorphic functions. □ 

The lemma asserts that {Sjola-giR'^)) is finitely generated as a submodule of 
^ao{K) over S)ol^„{C). We wiU be interested in 4o = V''^{f}ol„„{R^))/9}olao{K) 
as a vector space over C. The following fundamental lemma paves the way to 
describing a basis of £„„ ■ 

Lemma 5.2. Suppose that V{cr) is defined near a = ao, is invertible for a ao but 
'P(o'o) — 0. There are V'l, . . . , V'd G ^o-oiK) such that each I3j{a) — V{a){ipj{a)) is 
holomorphic, f3i{ao), . . . ,/3d(o'o) form a basis of R^, and if 

(5.3) V',- E ia-ao^^-' "^''^^' 

with holomorphic hj then the tpjQ are linearly independent. 

Proof. Without loss of generality assume cto = 0. Pick a basis {bj}j^i of R-^ and 
define tpj = 'P~^ibj). Then the ipj are meromorphic with pole at 0, Pipj — Pj = bj 
is holomorphic, and the /3j(0) are independent. Each tpj can be written as (5.3). 



ADJOINTS OF ELLIPTIC CONE OPERATORS 



13 



Order them so that is nonincreasing and let 

jli = niax{^j I j 1, . . . ,d} 
(5.4) jli = max{^j | ^.j < jli-i} i = 2,. . .,L 

Si = max{j I = /ij, 

that is, 

= Ml = • • • = /^si > fl2 = ^J■s^ + l = ■ ■ ■ = ^J.S2 > ■ ■ ■ > fj-L = Msi,_i + 1 = • • • = Mrf 

If the vectors t/ijq, j = 1, . . . ,si, are not hnearly independent, then order the ^pj 
with j < si so that tpio, . . . , tps[,o is a maximal set of linearly independent vectors 
among {ipjo 1 1 < j < si}, write 

V'fco = X! "feJ^jO for fc = s'l + 1, . . . , si, 

and replace by Vfe - Y^jLi ^fciV'j for ^' = s'l + 1, • • • , si. Now 7'(V'fc) = /3fc - 

X]^=i for these indices, so it is still true that the V{ipj){0) form a basis. With 

fij denoting the order of the pole of the new Tpj, and again assuming the orders 
form a nonincreasing sequence, let fli and Si be defined as above. Suppose that 
already Tpjo, j ~ l,...,Si is an independent set. If 'ipSi+i,o depends linearly on 
■01,0, ■ • ■ I'lpsifi then put s^^j^ = s;. Otherwise, reorder ipSi+i,o, ■ ■ ■ ,'0Si+i,o so that 
ipsi+i.o, ■ ■ ■ 1 V's' j,o together with ^pjQ, j = 1, . . . , are a maximally independent 
set in {tfjjo 1 1 < j < Si+i}. If s-^.^ < Si+i write 



i+l 



fpko = 2^ akjipjo, k = s^^-^ + 1, . . . , Sj+i. 

Replacing Vfc by '0^ - J^'j^i "fej cr'^^"'^*+i0'j (s-_,_i + 1 < < Si+i), reordering by 
decreasing order of the pole (which reorders only ipj, j > s'^_^_i), now have that the 
leading coefficients of the ^pj, j < Si+i, are independent. □ 



Lemma 5.5. With the setup of Lemma 5.i, tet 0i, . . . , 0(j G 9^<to(^) '^•^ stated 



there, and let jij be the order of the pole of 4'j ■ Let 

regarded as a vector space over C. Then the images in £cra of the elements 

{a-anYipj, j = l,...,d, £ = 0, . . . , fj.^ - 1 
form a basis of this space. 



Proof. As before assume (Tq = 0. Because of Lemma p . 1| the images of the cr il'j span, 
and we only need to prove linear independence. Suppose Xl^=i Sfelo^ ^J'^^'^'^^i 
holomorphic. Modulo holomorphic functions. 
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(where the V'jo Siie independent) so 



^(^) = E E E ^jir^^^' 



j=i k=o e=o 



is holomorphic. Thus a'^u{a) vanishes at for i/ > 0. Let the fli be as in (5.4). We 
have that a'^^tpj{a) vanishes at for j > si, and so does a^^ for fc > 0. 
Hence 

si Si 

= (cr'^iu(cr)) = Vmjo(o-'^i^j(ct)) ^VujoV'iO, 

\ / a—0 — V / cr— ^ — ^ 

i=l j = l 

and so aoj = for j = 1, . . . , si, since the V'jo are independent. If /i2 < /2i — 1 
then by the same argument one concludes that aij = for j = 1, . . . , si, and if 
P-2 = P-i ~ n, (n > 1) then the conclusion is that akj = for j = 1, . . . , si and 
k — 0, . . . ,n — 1. Having proved this, we conclude 



u 



(-) = EEE^^.^+ E EE^^.- 

j=l k=n e=0 j=si + l k=0 £=0 



Now, since a^^u{a) also vanishes at then 

j=l J=si+1 

therefore Ujn = for j = 1, . . . , si, and UjQ — for j — si + 1, . . . , S2. Continuing 
in this manner, one obtains Ujk = for all j, k. □ 



Lemma 5.6. With the setup of Lemma 5.1, let t/^i, . . . ^tj)d be as stated there, let 
fij be the order of the pole ofipj. Suppose the ^pj ordered so that is nonin- 



creasing. With the notation in formulas ( ^.i^ and (5.4) let 

Kf,^ ^ spanciV'jo I A*j > A^}- 
The spaces Kp^^ are independent of the choice of tjjj . 

Proof Let J?^ = {^|J G p-'^{S)o[„„{R^j)\ord{^|J) < fi}. Thus if V e then 
(cr — (To)^V' is regular; let to^ : ^ K he defined by setting 

mf,{tp) = (ct - cro)''i^{cr)\a=ao- 
We will show that Kjj^ — m^j(.S^J. To see this, set 

= spanq„[^^(c){V'j I ord(V'j) = fie}. 
and note that if /i > /ii then 

and if > IJ. > fig then 

- ('^ - ^o)'^^-^< + • • • + (a - ao)'^— ''^^^ + + . . . + 
This is proved using Lemma 5.1. Thus if fie-i > i-t > p-i then 

w^(-*?/i) = spanclV'iO I /^j > A^} 

and if /i = fii then 

m^{ii^) = spanc{7/ijo | > /if}. 



ML 
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□ 

Note that Kj^-^ C ••• C Kp^^^ — K, dimKfi^ ~ Si and to^^ : — > if^^, is 
surjective. As in see Gohberg and Sigal [||, the numbers will be called the 
partial multiplicities of P (at cto) • 



Lemma 5.7. Let {ip*}f^i, {V'jj^^i C S[)To-o(-f4') &e as m Lemma 5.1, &oi/i sequences 
ordered so that the sequences {/i*}, {/^j} of the orders of the poles is nonicreasing. 
Then /i* = /i^ /or a^Z j and 

d 

i=i 

where the fij are holomorphic, form a nonsingular matrix and fij = {(J—crQ)'^'^'^^fij 
for some holomorphic fij if > fij. Conversely, given holomorphic functions fij 
forming a nonsingular matrix and with /y /(cr— cro)'^'^^^ holomorphic when fii > fij, 
then the tjjj defined by the formula above satisfy the conclusion of Lemma 5.i. 

We leave the proof of this to the reader. It uses the previous lemma and its 
proof. 

If X is a hermitian vector space, let 4>i, . . . , 4>d be an orthonormal basis of K 
such that for each i= 1, . . . , L, 

(1)1, ... ,03, e Kp,^ 

Then for j = Sf_i + 1, . . . , we can pick tpj £ such that m^^ (ipj) — (jjj, that is, 
if K is hermitian then the ipj can be chosen to have orthogonal leading coefhcients. 

Proposition 5.8. Let V{cr) : K R-^ be defined and holomorphic near a — ao, 
invertible for a =/= ao but V{ao) = 0. Then 

1. there are ■01 , • • ■ , V'd G ^a-o{K) such that each (3j — Ptpj G SjolaaiR^), 
/3i(tTo)i ■ ■ ■ i/^dlco) form a basis ofC^, and if 

with holomorphic hj then the ipjQ are linearly independent, 

2. if K is a hermitian vector space, then the ipj can even be chosen such that 
the ipjo form an orthonormal basis of K and for i > Q, ijjji is orthogonal to 
ipko whenever fik > fij — 



Proof. Because of Lemma p.2| there are ipi, ■ ■ ■ ,'4'd satisfying the first statement. 

Let now if be a hermitian vector space. We may assume that already the leading 
coefficients form an orthonormal basis of K. If a coefficient ipji with £ > is not 
already orthogonal to those ipko such that fik > fij — i, then write 

{k I tik>tij-i} 

where ip^g^ is orthogonal to the %pko such that fik > f^j — t. Then 
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being defined using ctq) and (cr — cro)f^^ x{'^)\a-=ao — 0- So ^pj — x has the same 
leading term as ipj but now the coefficient of (cr— ctq)"^^'''^ is ip'jg which is orthogonal 
to ipko for k such that fik ^ fJ-j ~ ^- We may then replace ipj by ipj — x- The proof 
is completed by 'reverse' induction on n = fij — i beginning with n = /ii — 1, the 
above being both the first and general steps. □ 

Let now y be a compact manifold and E a complex vector bundle over Y . We fix 
a hermitian metric on E and riemannian metric on E with respect to which we define 
the Sobolev spaces H%Y;E). Let P{a) : H"\Y-E) ^ L^{Y;E) be a holomorphic 
family of elliptic operators of order m defined for a near ctq in C. Suppose V{<t) is 
invertible for cr 7^ ctq but 'P(cro) is not invertible. Let K = ker 7^(0-0), R = rg7'(cro). 
Then K and are finite dimensional of the same dimension, say d, and consist 
of smooth sections of E. Regard 'P(cr) as an operator 

K R-^ 



P2l(fT) 7^22 (ct) 



R 



in the usual way. All the Vij are holomorphic, and the operator 7^22 (f) is invertible 
for cr close to <tq. Thus Vn — 'Pi27-'22^'P2i : K R^ depends holomorphically on 
(7 E U and is invertible for a ^ uq. We can then find ipi, . . . jipd S Tlao{K) such 



that (■Pii — Vi2V22'P2i)ipj G f)olao{R'^), as in Lemma 5.2, Let V'j be the singular 



part of i/'j — 'P22^V2iiJj ■ In this last function, 7^^^7'2i'0j has values in K^, while 
■0^ has values in K, so the order of the pole of ipj is the same as that of ipj (there is 
no cancellation). Note that furthermore the order of the pole of 7-';^^7'2i'0i is lower 
than that of ipj because ^22^^21 vanishes at cr = erg. Let fij be the order of the 
pole of Ipj . 

Proposition 5.9. Let it be an H"^{Y; E) -valued meromorphic function with pole 
at 0. Then 'P{(t){u{(7)) is holomorphic if and only if there are C-valued polynomials 
Pj{a) of degree ^j — 1 such that u — J2j=i Pji'^)''Pj i'^) holomorphic. Thus if f 
is holomorphic and u = 'P{a)~^{f), then u is meromorphic with singularity of the 
form Y.%^Pj{<j)ipj{a). 

Proof. Suppose f — f (B g is a holomorphic function with values in i?^ ® R and let 
u — u (B V — P{cr)^^{f + g), a ^ ctq, decomposed according to if © K^, so 

Viiu + V12V = / 

7^21^ + 1^22^ = g 

From the second equation, v — 1^22 (9 ~ T-'2iu), which replaced in the first gives 

{Vll - Vl2V2iV2l)u = / - Vl2V22g. 

Since the f3j — {Vn — 'Pi27'22^7'2i)V'i holomorphic near erg and independent at 
o-Q, there are fj, qj G i30[o(C) such that / = TlifjPj^ ^12^22^5 = TliljPj (^he qj 
vanish at ctq because 7^12 does). Then u = J^jifj ~ Replacing this in the 

expression for v gives 

V = V22'g + 5](/, - q,)V22V2l4>j 
3 
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SO 

U + V = J2ifj - <lj){^j - 'P22'P2li>j) + V22g 

3 

where the pj are polynomials and h is holomorphic. □ 
Note that each xjjj can be written as 

with smooth sections ipjg oi E ^Y. 

Appendix: Saturated domains 

Let if be a Hilbert space, c C open, and S cfl & finite set. Let 9Jln,s(-ff) be 
the space of meromorphic iJ- valued functions on with poles in 5*, and let 9)oIq{H) 
be the subspace of holomorphic elements. Multiplication by a holomorphic function 
/(cr) defines an operator 

/(ct) : Tln^siH) ^ Tln^siH) such that f{a)mn{H) C SjolniH), 

so it induces an operator on Tln,s{H) / Sjoln{H) also denoted f{cr). 

Definition 5.10. A subspace of Tln,s{H) /SjolQ{H) which is invariant under mul- 
tiplication by /((t) = a will be called saturated. 

A saturated subspace £ is thus a module over the ring C[a]. 

Lemma 5.11. Let S = {cti, . . . ,<Js}- If £ C dJlQ,s{H) / SjoIq{H) is safMrated, then 
there are saturated spaces £j C DJlfi^^„.-^{H)/Sooln{H) C DJl^i^s{H)/^oln{H) such 
that 

(5.12) £ = £i®---®£s. 

Proof. For every j there is a polynomial gj(cr) such that qj{(Jj) = 1 and qj{<Tk) = 
for k 7^ j, with equalities satisfied to a sufficiently high order. Take £j = qj{a)£, 

which is saturated because (Jqj{(j) = qj{a)a. Finally, note that qi -\ h gs = 1 to 

high order at each aj . For more details see the proof of the next lemma. □ 

Lemma 5.13. A finite dimensional space £ C WlQ.siH)/ ^ola{H) is saturated if 
and only if it is invariant under multiplication by r"^ for r > 0. 

Proof. Suppose first that £ is saturated, so by the previous lemma, £ = £i®- ■ ■(B£s 
with saturated spaces £j C Tlii^-[aj}{H)/^oln{H). It is then enough to prove that 
each £j is invariant under multiplication by t*'^. But this is clear, since r*'^ is a 
polynomial plus an entire function vanishing to high order at aj. 

Suppose now that £ is invariant under multiplication by r"^ for any r > 0. We 
will first reduce the problem to the situation where £ C 07tQ_{cr|-,}(iy)/^o[fj(iJ). 
Let the integers fij be chosen so that for any representative tp of en element of £, 
{a — aj)j is regular at ctq. It is possible to find such numbers because £ is finite 

dimensional. For any (Ci, . . . , Cs) € with Q ^ (k if j 7^ k, let pjk{0 = f-r^ , 
let pj(C; Ci) • • • ) Cs) = Hkjij PJk- Then pj vanishes to order /xfe at Cfc, k ^ j, and 
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has value 1 at so pj = 1 + (C — Cj)0'j- The aj are polynomials in <^ whose 
coefficients depend holomorphically on the Q. Let bj = X^fco i~^Y[iC ~ Cj)C'jY- 
This is again a polynomial in (, and so is qj = bjpj. Thus there are polynomials in 
C with coefficients depending on the Q, hj^kiC, Cii ■ ■ ■ Xs), j,k = 1, . . . ,s, such that 

Qj (c; Ci , • • • , Cs) - s,k + (c - ar" hjAc Ci , • • • , o 

Let now qj {(J,t) = Qj (r*'" ; r*°"i , . . . , r**^" ) , defined for those r for which the numbers 
T^^i are distinct. Since this is a polynomial in r"^, and since £ is invariant under 

multiplication by r*'^, each qj defines a linear map iTj : £ ^ £. Since qj{a,T) = 
Sjk + («■ - <^Y''hj^k{<y,T), TTjipj G OKo,{<T,}(^)/-^ob(-ff) and TTj o tt^ = SjkTTj, and 
since J2j=i Ij = 1> X^j ''^j = Thus with £j — TTj{£) we get 

£ = £i®---®£s 

The spaces £j are invariant under multiplication by r*'^ because r^^^j = qjT^'^ ■ The 
TTj are independent of r. 

Suppose now that £ C £!Jtn^{<j^}(iI)/i3o[n(i?) is invariant under multiplication 

by r"^ for all t (t — e suffices). Let A(w) = Yld=i — so that A(e'» — 1) = 
C + C^h{(), with entire, and some integer /x depending on TV which may be 
assumed as large as desired by taking N large enough. Let q{a) = A(T*'^r~"^° — 1). 
Then 

q{a) =i{u - (To) log r + (a - aoYh{a, r) 

with h{(j, t) holomorphic in a. liip & £, then qil) e £ because g is a polynomial in 
r"^. But with fj, large enough, q'ip = [a — ctq) logr V"- Thus £ is saturated. □ 

One can also give a proof using that if £ is invariant under multiplication by 
et{cr) = e*"^* for any t then et defines a one parameter group on £. This approach 
involves the topology of dJlQ^^^gj{H) (to prove that the group is continuous, hence 
differentiable). The proof given is better because it is elementary. 

6. Canonical Pairing 

Suppose that K and are hermitian finite dimensional vector spaces. Define 
a pairing 

by 

and likewise a pairing L^g j^± associated with R^. Let V{a) : K R^ be defined 
and holomorphic in a neighborhood of (Tq G C. Define P*{<j) = P{a)* , where * 
denotes the pointwise adjoint oiV : K ^ R^ . P* is holomorphic in a neighborhood 
of ctq. Then with the induced map V* : DJl-ff„{R-^) Tl-^„{K) we have 

Furthermore, define 6 : M^^i'^) ^ ^WoiQ by e(/)(cr) = J(W), and likewise 
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Lemma 6.1. Let (3i,. . . ,/3d G SjoladR^) be such that the (3j{(To) are independent. 
Then there are (3i,...,^d € SjoiaQ{R^) such that 

If (To is real, then 

Proof. Let bi = (3i{ao) and write l3i = h + {a - ao)J2k ^ikbk with Uik € SjolaoiC). 
We seek = ^ hejbe with hgj e Sjolao{C). We need 

Vo,iJ-L(A, A) = '^Q{hej){bi,be) + {a - (To)^aikQ{hej){bk,be) = Sij, 

e k,e 

or, with the matrices H = [hij], A = [0,^], B = [(6^,. fe^)], 

Be{H) + {a- ao)ABQ{H) = I 

so set 

@{H) = [I+{a- ao)B-^AB)]-^B-\ 

□ 

Lemma 6.2. Let P{a) : K — > be defined and holomorphic near ao, invertible 
for u 7^ uq, V{uq) = 0. Let ijjj € 9Jtag{K) have independent leading coefficients 
and be such that Pj = P^jjj E Sjol^g{R-^), with the (3j{ao) linearly independent. Let 
Pj € Sjol-ffQ{R-^) be such that 

Let ^ij be the order of the pole of ipj, let (3* — {a — ao)^^ipj, so 0j S 9jola-fj{K) and 
the Pj{cro) are independent. Let /3j € Sjolffg{K) be such that 

Then V*Pj = {a - ao^' Pj so with 

1 

(cr - CTo)W 
we have 

Clearly the leading coefficients of the ip* are independent, as are the Pj{ao), thus 
the multiplicities /x^ for V* are the same as those for V , = /Xj . 

Proof. We have VP) = [p - ao^^Pj, so 

ia„R±{VP*,Pk) = {<T-<Tor''Sjk 

= {a-aorH,„,K{P*,P*k) 
= i,,,K{P*,{<^-^or''l3t) 
The last expression must be tao,K{Pj ,P*Pk), so 'P*pk = {(t - aaY^Pl. ^ 
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With the assumptions on V{(j) as in the previous lemma let 

u e r-\SjoUoiK)) and v e iV*)-\mao{R^))- 
With suitable small e (depending on representatives of u and v) we get a number 

[u, v]'p,a„ = f l-ao.R^ C^U, v) da. 

The circle of integration is oriented counterclockwise. If v is holomorphic, then 
[u, v]-p,(To = because Vu is holomorphic. If u is holomorphic, then also [u, v]-p,a-o = 
0, since 

TT / Vo,^^ (^""^ v)da ^ ^ i i ii± {u, V*v) da 

Thus [■, ■]-p.i7o defines a pairing 

']-p,o-o • ^<^0 ^ ^0 ~^ 

where 

Theorem 6.4. [•, -J^ is a nonsingular paring of vector spaces. 

Proof. Pick ipj e 9Jlo.o(iir) such that PVj = /3j G i30l<:ro(-R"'"), with the leading 
coefficients of the V'j forming a basis of X and with the f3j{ao) forming a basis of 



R^. Let /3j, /?*, and /9* be as in Lemma |6. 4 According to the proof of Lemma ^ 
if u G S^o and v G then u and w are represented by 

(6.5) " = X! X! ('^ ~ a(3)^Uik'ij}i and w = ^ ^ (ct - aoYvjiip* 
i=i k=o j=i e=o 

with constant itifc and Wj^. Now, 



so 



i=l fe=0 

i j"=l k,t=0 
d l^j-i 

= X X (a - ao)^-+'-^^u,feWj, 

j=l k,l=0 

Thus 

d d f^j-i 

(6.6) = X UjfcWjf = X Mj7c%M,-fe-l 
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If [u, wjljr, = for all v, pick v as above so that vji — Uj^^.-i-i, j = 1, . . . ,d, 
£ = 0,...\lij -I. Then 

d M j - 1 
3 = 1 k=0 

implies u — 0. □ 



Remark 6.7. In the situation of the proposition and with the notation in the 
proof, suppose that all fij are even. Let 

d Mi - 1 

U = Y i'^- crofujiipj I Uji e C} 

j=l l=f^j/2 

which can be regarded as a subspace of Sao ■ Likewise, since the fi* associated with 
V are equal to the ^j's, define 

d 

which again can be regarded as a subspace of . It follows from ( |6.6[ ) that 

[u,v]a = if u e U,v e V 

and therefore, by dimensional considerations and the proposition itself, the orthog- 
onal of U in is V. 

The spaces U and V are independent of the ip j us ed to represent them, as long 
as these functions are chosen according to L emma 5.2 , Indeed, if {V'iliLi is another 
such choice, then according to Lemma ^.7| , possibly after reordering, we can write 

and 

{j 1 H>l^i} 

Lemma 6.8. Suppose cfq is real, Zei "01 , . . . , i/j^ G 97l<jo (-fi') /laue independent leading 
coefficients and be such that their orders fij form a nonincreasing sequence. Then 
there are holomorphic functions fij with fij — if i > j such that 

i j 

(6.9) i.o,x(^(a - aor''-^^f^k^k,Y('' - '^oT'-'"' fji^i) = {<T- cTo)-'"-''^S,, 

k=l 1=1 



This lemma combined with Lemma 5.7 says that when ctq is real, the /3* in 
Lemma 6.2 can be assumed to form an "orthonormal" system: t-ao.KiP* , (3*) — Sij. 
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Proof. We apply the Gram-Schmidt orthonormahzation process. There is no loss of 
generality if we assume cto = 0. Write /?* = '^j'^j ■ The holomorphic function h{a) = 
i-a,Kif3i, Pi) is positive when a is real, so there is fc(cr) positive defined for a real 
(close to 0) such that — h. Since k is real analytic, it has a holomorphic extension 
to a neighborhood of 0. Since k{a)k{a) = h{a) hol ds w hen a is real, equality holds 



also for complex a near 0. Let /n — 1/k. Then ( |6.9|) holds for i, j — 1, and we 
replace ipi with k^^ij^i ^nd each « > 1, by — {c — ao)'^^~^^ i'a-o.K{ipi,'ipi)h~^ipi. 
Now repeat the process with 'ip2 and ipi with i > 2. □ 

Appendix: Selfadjoint subspaces 

Suppose for the rest of this section that R-^ = K and ctq G M. Motivated by 



Proposition 3.13 a subspace of fcro will be called "P-selfadjoint (or just selfadjoint 



if there is no risk of confusion) if 

4„ = {ue 4o I [u, = for aU v e 4 J. 

In other words, is selfadjoint if ~ (^^o)^ ^i^h respect to [•, -Jp^o-o- 

Let V{(t) be defined and holomorphic near co (real). We call V selfadjoint if 
V*{a) = V{a) near ctq. If P is selfadjoint we say that V is positive if for each real 
cr ^ do close to (Tqi ^(f) : -ftT ^ is nonnegative. 

Lemma 6.10. Let V be defined near ctq G selfadjoint, positive, with 'P{<7o) = 0. 



Letipi, . . . ^ V ^(Sjolcr„{K)) be chosen as in Proposition 5.6. Then the numbers 
fij are even. 

Proof. Without loss of generality we assume that ctq = 0. We use the nota- 



tion of Proposition 5.8 and assume that the t/ j, a re ordered so that the fij are 



nonincreasing in j and define fli and Si as in (5.4). We replace the V-'j by suit- 
able linear combinations of themselves to arrange that with (3* = a^^^jjj we have 
Lcr(,,K{J2ki(^i ^ Pj) — ^ij- This does not change the multiphcities ^j. Thus (3* is 
holomorphic and the /3*(0) form a basis of K (orthonormal), and if Ptpj = j3j, then 
I3j = '^PjePi for some holomorphic functions pjg. Thus 

e 

Since both the vectors f3j{Q) and the /?* give bases of K, the matrix [pj^(O)] is 
nonsingular. We have 

io,KiVPlP*,) = a^'p,kia) 

and 



Since V is selfadjoint, these two functions are equal. Consequently, if fik > fJ-j, 
then Pjk[<y) = (^'^''~^'Pkj{o'). Thus [pjfe(O)] is an upper-triangular block matrix, 
the i-th diagonal block corresponding to the indices j such that pj = pi {i — 
1, . . . , L). Moreover, these diagonal blocks are selfadjoint matrices. It follows that 
for each i one can replace the ipj (j such that fij = pn) by linear combinations 
of themselves with constant coefficients, and assume that the diagonal blocks of 
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[Pjfe(O)] are diagonal themselves. Let Pjj{0) — Xj. Since [pjfe(O)] is nonsingular, all 
Xj are different from 0. Now, 

^a^^{X,+af,) 

for some holomorphic function /-,-. Since V is positive, cr^^ (Xj +(Tfj) is nonnegative 
for real cr, and then necessarily fij is even (and Xj > 0). □ 

If Sao is a saturated subspace of 971^0 {K) /Sjolag [K) (see the appendix of Section 
H for the definition) then there is a set of elements %pj € Sa-o ^ j — ^ ■ ■ ■ ^d, such that 
the products (a — d oYipj , £ = 0, . . . , p,j — 1 form a basis of . The proof of this is 
that of Lemma ^.21 where only the saturation property was used. We may further 
assume, as in that lemma, that if the -tjjj are represented as in (5.3), then the ijjjQ 
are independent and the fj,j form a nonincreasing sequence. 

Proposition 6.11. Let V be defined near do G R> selfadjoint, positive and such 
that 'P((To) — 0, and let £'^^ be a selfadjoint saturated subspace of Ecq- Then every 
u G £'^^ can be represented as 

u^Y^ (cr - cTofuje^pj 

j=l i=tij/2 

with constant Uji, where the Tpi, . . . ,Tpd G V^^ (S^olaoi^)) ^'^s chosen as in Proposi- 
tion 5.8 and the u,- are the respective multiplicities, which by Lemma 6. It are even. 



The space of such elements will be denoted £^ 



Proof. We may assume that ctq = 0, without loss of generality. By Remark 6.7, 
if we show that for some choice of "ipj as in the statement the elements of £'^^ can 
be represented as stated, then for any such choice of V'j they are represented as 



and assume that if j3* = a^^ijjj 



stated. We then take advantage of Lemma 6. 
then Lao.KiPj , (3^) = Sij. In the notation of Lemma 6^ we then have /3* — (3* 
(ctq is real). As in that lemma let (3j = P^'j and let (3j G S)oIq{K) be such that 



i-o.KiPj, Pk) = Sij- By Lemma 3.2, P*a (3j — /?*, but now the latter is equal to 



and P is selfadjoint, so 



P{cT-'^^P,) = m 



Since both the /3j(0) and the /3* (0) form bases of K, the functions tpj = a i3j 



satisfy the conditions in Lemma 5.7, so they are related as stated there, and from 
Remark 6.7 we get that if 



j=i e=p,j/2 



3=1 e=p,j/2 



then 
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This said, we now show that if there is an element in E'^ represented by 



{£j > 0) where for some j, £j < fJ.j/2 with uj^e^ ^ 0, then S^-g is not selfadjoint. Thus 
let Sj = Mi/2 — ^j, let S = maxj 6j and suppose S > 1. Since Sao is saturated both 

and represent elements in S^q > and we will show that 
Let J = {j : Sj = S}. Then 

d Mj-l 

ct'^^^u = ^Uj£^cr^^/^"Vi + X! X! '^^^j'^'^j modioolo(i^) 
with some Uji. Write this as uq + ui. Then 

[uq + Ui, aUo + <JUi]-p^ao = [UO, CrUo + (JUi]-p^ao 

because of Remark |6.7| , 

[uo, cruo + aui]-p^ao = [ctuq, Uq + ui]-p,<To 
because multiplication by a is selfadjoint, and finally. 



again by Remark 6.7. Thus [cr u, a ]p_cro = ["o, fwo] 73,0-0 . As in the proof of 
Proposition 6.11 , VP* = a^^ J2t=iP3kPk '^i^h holomorphic pjk which because of 
the selfadjointess are such that Pjk{o') = <J^^~^^ Pkji^) if Mfe > Mj- We thus have 
(since ipj = (t~^^^ $*) 

je,7 

and so 

d 

It is the residue of this what we will show is nonzero. Terms with /ij' < /ij clearly 
do not contribute to the residue. For terms with /ijv > we have pjj' (cr) = 
a^^3'^t^ipj,j(a)] such terms again contribute nothing, and we conclude that 



\Uo,<TUo 



The positivity of V now enters again: as pointed out at the end of the proof of 
Lemma 3.1C , the selfadjoint matrices [pjj'] with such that pj = pLj' are positive 
definite. Thus [uq, crwoj-p.^g ^ since Uj^i- ^ for at least for one j. □ 



ADJOINTS OF ELLIPTIC CONE OPERATORS 



25 



Remark 6.12. Note that when the /ij are even numbers the space 

= spanc{(cr - (ToYipj | j = 0, . . . , d; ^ = Hj/2, . . . , fij - 1} 

is a canonical saturated subspace of fcro, even if the operator V is not selfadjoint. 

The same holds for £1 i , and we have (£„ i)-^ = £1 i . 

0-0,5' \ 00,2^ 0-0,5 

7. Structure of the Adjoint Pairing 

Let now £' — * M be a vector bundle, H^{M;E) be the totally character- 
istic Sobolev space of order s, defined as usual. Suppose that A = x~T S 
x~'^ Diff^(M; 1/ > 0, is a 6-elliptic cone operator considered initially as a densely 
defined unbounded operator 

A : C^{M;E) C x-"'^ Ll{M; E) x'"'^ Ll{M; E), 

and define 'Dnun = 'DyainiA), TiYa&ii — ^max(^) as in Section^. It is well known 
from the proof of the existence of asymptotic expansions of solutions of Pu — 
(cf. [|, 0, 0) that if u e x-''l'^Ll{M-E) and Au € x'-"/^ Ll{M; E), that is, 
u 6 I'max, then u is meromorphic in Scr > —v/2 with values in H™(dM; E\gM) 
and poles contained in 

(7.1) ^'{A) = (speCb(A) - iNo) r\{a\ -v/2<'^a < v/2}. 

Moreover, if for u as above, u is holomorphic in 3ct > —i'/2, then in fact u £ 
I'max n x^/^-^HJJ'iM; E) for any e > 0, so by Proposition V^i^{A). Thus 

£{A) — 2?max/^5min IS isomorphic to a certain subspace of 

(7.2) mn,^,^A){H"'{dM;E\sM))/mn{H"'{dM;E\aM)) 

where S!Jta^s'(A)(-ff'"(<9M; _E|aM)) is the space of meromorphic H™-{dM; E\qm)- 
valued functions onfl — {a- \ — 1^/2 < 3ct} and Sjoln{H™{dM; E\gM)) is the sub- 
space of holomorphic elements. It is clear that the space in (^^) is localizable on 
sj>ecij{A) in the sense that it is isomorphic to the direct sum 

OTn.s. (iI™(5Af; E\9M))/mn{H"'{dM; E\om)) 

S(A) 

where 

(7.3) E(A) = {a e speCb(A) | -iy/2<Qa < v/2} 
and 

(7.4) s; = {cr - i£ I ^ e No, ^ < Qcr 4- v/2}. 

It is also the case that £{A) is localizable: we will show that £{A) is the direct sum 
of the spaces 

£M)^^{A) n [aHa,s„(A)(ff'"(aM;£;|aM))/^ob(i/'"(aA./;ii;|aM))]. 
To see this, begin by writing 

N 

(7.5) P^Y. -Pfc^'' + P^^"" 

k=0 

where the Pk have coefficients independent of a; near dM and N = min{fc G N | z/ < 
k}. Let (To G S(A) = spec5(A) n {a\ - v/2 < 3cr < v/2}. By the discussion 
immediately preceding Proposition Fjl and the proposition itself with V = Pq 
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at ao, there are elements ipao,j,o.,o G ^ao{C°°{dM; EgM)) and positive integers 
fiao,j (f^orming a nonincreasing sequence), j — l...,do-Q, such that for any u G 
T^msLxj if ('7)^(0') is holomorphic at (Tq, then there are polynomials Pj such that 
u — Y^'^={' (c)V'(To j,o,o(o') is holomorphic at ctq- If 3cro — i? > —iy/2 define ipa-oj.o.,^ 
inductively as the singular part at do ^ of 

C=o 

and for convenience define V'o-o j.o.iS = if Sctq — < —v/2. The largest index 
such that Sctq — 6 > —1^/2 will be denoted by iV((To). Define also ipa-o,j.e,^ (for 
£ = 0, . . . , /ij — 1) to be the principal part of (cr + ii^Yipaajfi,^ (at ctq — i??), and 
finally, let 

iJ>0 

Then 

TV 

is holomorphic in 3(t > —v 12 — e for any sufficiently small £ > 0. The claim is now 
that the images in Ei^A) of the ^'o-oj.f form a basis (over C). This is easy to prove 
beginning with the fact that the ipao,j,i,o form a basis of Po{(t)^^ /Sjoiao- Once this 
is proved, the assertion about £{A) being localizable is clear. 

Note that one may multiply each ipc!Q,j,i,-d by a suitable entire function which 
is equal to 1 to high order at ctq — so that the resulting function is, modulo an 
entire function, the Mellin transform of an element in x~'^^^H°°{M; E). This will 
not change the fact that the images in £{A) of the modified ^'croj,^ form a basis. 
An immediate convenient consequence is 

Lemma 7.6. For each u G I'max(^) there is ua £ I?min(^) such that (u — uo)" is 
meromorphic on C with poles only in S'(A). 



Definition 7.7. For (Tq S 5](j4), 2?c,o(^) is the space of elements u £ I'max(^) such 
that u(cr) represents an element in £cr„{A), that is, u has poles at most at ctq ^ 
fori? = 0, ...,iV(cro)- Further, 

£,„iA)^V,„iA)/V^i^{A). 

For (To £ speCj(A) n {Scr = 0}, and if all the multiplicities fJ.a-o.j associated with (Tq 
are even, we let T>^^ 1 (A) be the space of elements u G Po-o (A) such that 

u mod i30[(Scr > — e) belongs to £ao,^ 

, now 



for any small e > 0. The space £^g 1 is the one defined in Proposition 3.11 
with Pa. 

Thus, modulo i3o[(3cr > —v), the Mellin transform of an element u G I?ao(^) 
can be written as u{a) — ipi}i<^) where the V'i?(o') have poles only at ctq — id, 
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and from the fact that Pu{a) — ^ Pfc(a)^/'^(CT+i^?) is holomorphic in 3a > —v/2 
one deduces that 

(7.8) ^ P£_^(cr)V'i)(cr + - is holomorphic if £ < N{ao). 
Likewise, if w e Va*{A*) then ^((t) = X^^io"^ where now 

(7.9) Pe-i}{cr + i{i ~ dj)iP^{(T + i{£ - d)) is holomorphic if £ < iV(cr^) 

iS=0 



since from (7.5) 



(7.10) P* =J2x'Pe +x^Pn- 

i=0 

The closed extensions of A : Pmin(^) C x""/'^ Ll{M; E) x'"/'^ Ll{M; E) are in 
one to one correspondence with the subspaces of £{A), therefore with the subspaces 
of £{A). Since we are interested in duality and selfadjoint extensions, we will now 
turn our attention towards understanding the pairing [u,?;]y?i for u G 2?max(^) and 
V G T^max{A*) as a pairing of elements of £{A). In the following theorem and its 
proof, the pairing in the integrands is that oi L'^ {dM; E\qm) ■ 

Theorem 7.11. Let A = x-" P e x^'^ Diff"(Af; ^;) be b-elliptic, let ctq e i;(A) 
and ctq G S(A*), suppose u £ 2?max(^) o.'rid v G E'max(^*) o.fe such that 

N(ao) Af(<To) 

ii = -015 o-iT'd V — V'^ mod i30[(3<T > —1^/2), 

where ip§ has a pole only at cfq — I'd, and V'^ only at — I'd, in other words, 
u G Per,, (A) and v G 'Dc*{A*). If (Jo is not of the form ctq + ir with t G Nq, then 
[u, v]a — 0. Otherwise, if (To = ctq + it for r G Nq, then 



where 7ij = 70 + iiS and 70 is a positively oriented simple closed curve surrounding 
(To. In particular, ifr — O, i.e., (Tq = (Tq, i/ien 

(7.12) [u,v]a = iM'^),P^ia)romda. 

Proof. For general u G Pmax(^) and v G I?max(^*) and oj G C°°(M) supported 
near the boundary and equal to 1 near the boundary one has 

[u,v]a = [uju,ujv]a 

because (1 — iju)u G I'min(^) if m G 2?max(^), and analogously for (1 — uj)v. Recall 
that the Mellin transform was defined using a cut-off function like lo. Suppose 
P is written as in (|7.5|) where the Pt have coefficients independent of x near the 
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boundary, say, in a neighborhood of the closure of the support of to. Then, using 
the expression for A* obtained from (7.10), we have 



N-l N-l 
[uJU,LUv]a = Pi X^Ll!U,UJv)^~,./2i^2 — {UJU,X~^ X^' PgU)v)^-u/-2]^-2 

1=0 t=0 

„JV, .„, , C, i 



+ {x Pn X Luu,u;v)^-L./2]^2 — {uju, X Pj^x '^ujv)^-i,/2 



The last two terms cancel out since x^u € x'^^^H^ can be approximated from 
C^{M;E) in x^/^RI^ norm. Thus 



N-l 



N-l 



1,v]a ^ {x PlX^UJU,UJv)^-„/2i^2 — {u!U,X X^PgLOv)^ 



./2L2 



t=0 



It is always the case that u has no poles on 3(t — i//2, and adding a suitable 
element of Pi„in(A) to u we may assume that u has no poles on Scr — —v/2. A 
similar remark applies to w, and we may and will assume that neither u nor v has 
poles on So" = —v/2. For e > let 

(7.13) /5o = -^+e and /3fe = ^ - e - TV + for fc = 1, . . . , TV 

We take e > sufficiently small so that /3o < Pi- There is Eq > such that for 
any e < Eq, if ctq G spec^(yl) U speC{,(A*) and — < Scr < 1^/2, then for any 
^ G No, the point a — ii does not lie on a line = (3k- That is, no u G I'max(^) 
or w e I?max(^*) has poles on a line SJcr = (3k- Fix one such e and let 

5fc = {aeC|/3fc<5a</3fc+i}. 

These strips partition {crGC| — v + e < 3ct < v/2 — e}. We now show that 

Af-l „ N-k-l 

(7.14) [u,v]A^Y.f ( A(fT)u(a + i£),i)(a))da 

For any i < N and e small, we have, on the one hand, 
{-^PiX^u,v) = {x'^~'^ Pex^u,x~^v) 



1 

2^ 
1 

2^ 
1 

2^ 



{Pi{a + i{e - v))u{a + i{e - v + e)),v{a - ie)) da 



(P^((T + ie)u{a + i{e + £)), v{cr + ie)) da 
{Pi{a)u{a + i£), v{a)) da 
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and 



1 

2^ 
1 

2^ 
1 

2^ 



{u{a - ie),Pl{a + i{e - ly + £))v{(t + i{e - i/ + £))) da 



{u{a — ie + i£), P/(cr — ie)v{<7 — is)) da 

e 

{Pt{a)u{a + i£),v{a)) da 



so 



N 

[u,v\a 



V-^/ {P,{a)u{a + i£),v{a))da 

N N-e-1 

f {Pi{(^)u{o + i(),v{a))da 

N-l „ N-k-l 

J2 f ( Pi{o)u{a + i£),v{^))da 

1 — n '^9Sk p—n 



k=Q 1=0 

Let Co £ 5] and suppose ii = X^SjLoV'iJ) where ips has a pole only at (Tq ^ 
and V'l? = if 1? > A^((To), where iV((T) be the number k such that a E Sk- Thus 
^'^(f )f/'i?(o' + has a pole at tJo — + £) if at all, and the poles of 

(7.15) J2 Pi{o)u{a + i£) ^ + 

if any, that lie in (3k < Scr < (3k+i, come from indices with 

Pk < ^ao - (i^ + £) < (3k+i, 
that is, •& + £ ~ N{aQ) — k. So in ( [7.15 ) only the terms 

Pe{a)i^^{a + t£) 

^+e=N{ao)-k 
Q<£<N-k-l 
0<-d<N(ao) 

may produce poles in Sk- If A; > N{aQ) there are no poles. If fc < N{ao), this is 

N{ao)-k 

Y PN{ao)-k-i){'^) i^i>i<^ + i{N{ao) -k-i3)) 
i?=0 



(since N{ao) < N). This is in fact holomorphic, as stated in (7.8). Thus in (7.14), 
the integrals 

N-k-l 



f ( V Pe{a)u{a + i£),v{a))da 



are evaluated as residues on the conjugates of the poles of -0, 
(7.16) \^Ma^^Y.Y.^ ( E ^^('^)"(^ + *^)' *(^)) 

^ fc=0 s "'Ts.fc £=0 
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where the 7^^^ are siraple closed positively oriented curves surrounding (and sepa- 
rating) the conjugates of the poles of v{a) in the strip Sk- 

Suppose now that also v = J2T=o ^1?' where ip'!^ has a pole only at CTq — h9. Here 
0-5 G E{A*) = Spy and as before, = if i9 > iV(crJ). Thus 

H Pi{<j)u{a + ie),v{a)) 

(=0 

has poles at + -d — 0, . . . , N{aQ), and the pole in Sk satisfies < Q'o'o + ^ < 
Pk+i, that is, k — N{a^) + i9. In particular, there are poles only in the strips with 
k satisfying 

N(a*) <k<N -1. 

Pick a positively oriented simple closed curve 70 surrounding ctq, let 7,5 = 70 + it?. 
Using this, the right hand side of ( 7.16| ) becomes 



N-l N-k-1 

Now replace a + i^ hy a . The resulting expression is (dropping the tilde) 

k=N(^) (=0 "'k+e-N(^) 

= ^ E / {u{a),Y,P^_kia-^{^-k))v{a-^i^-k)))da 

i?=0 k=0 

after reorganizing (notice that N — -/V(o-q) — 1 < N{(Jq)). Now, if v{a) ~ J2i)'>o ^5' 
is as above, then for any given the only terms in 

^n_fe(a + *(^-fc)) J2 rA^ + ^i^-^k)) 

k=a )9'=0 

which may contribute to the integral along 7,? are those which in principle have 
poles at (7q — ii!), namely those in the sum 

J2 PL^' + ~ ^'m' {a -{)')). 

But according to ( |7.9| ), this has no poles at ctq — i'd (or anywhere else, for that 
matter). So, if u has no poles in {ctq + zi? | = 0, . . . , N{aQ)} then [u, v]a = 0. 
The only case where [u, w]a may be different from occurs when there are integers 
'&,'&'> such that ao — ii} — (Jq + id', that is, if (Tq = + ir for some nonnegative 
integer t, in which case 

r i5 

as claimed in the theorem. □ 
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If (jQ, ai ~ (Tq E ^(^) E^re such that ao = ai + ir with some integer r > 0, then 
if M e P^o (^) and V G T>„* (A*) it may happen that [u, v]a ^0. 

Since [UitijA = if u G I?inin(^) and z; G 'Pmax(^'^), or if m G 2^max(^) and 
V G 2?i„in(^*), there is a well defied pairing of elements of £{A) and f (A"^). 

Theorem 7.17. [•, -J^ is a nonsingular paring of £^^^{A) and £-g^^[A*) . 

Proof. We work with ( 7.12| ). -Po(f) is a closed operator L'^{Y) L'^{Y) with 
domain iJ™ = H"\Y;E). Let A" = kerPo(cro), R = Po(cro){-fr™(l^)). Decompose 
P(cr) as 



■Ai(^t) A2(a) 
.-P2i(ct) P22(a) 



K 

® 



R^ 



R 



for a near era- Here i^T-*-, i?^ are computed in Since -Po(cro) is Fredholm, 

-Pq (^o)(-f^™) = and the analogous decomposition for Pia)* = P*(o') is 



Pui<^) ^2^2 W 



R 

e 

R^nH"-' 



K 

® 



near ctq. Since indP((7) = 0, dimii' — dimP^. 

Let u G £cra{A) represent an element in 2?cro(^)j let ij] be the Mellin transform 
of (pu. The principal part of ■0 at ctq is the principal part ■00 at ctq of a germ of the 
form 

where G GHctq is such that 

(Pll-Pl2P22'Al)^ = /3 

is holomorphic near cto. Likewise let u* G £-a„{^*) represent an element in 'D-^^{A*), 
ip* the Mellin transform of 0m*. Again the principal part ipQ of ■0* at ctq is the 
principal part at ctq of germ of the form 

r - {P22'rPi2r 

where i^ G OJIcto(-R"'") is such that 

iPll-P2liP2-2'rPl2W^f^* 

is holomorphic, near Wq. Let 

P = Pii — P12P22 P'ii 

=Pll-P2l{P22rPl2 

Then as discussed before the lemma, 



70 



with a positively oriented curve 70 surrounding (Tq and no other pole. Since 
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Poir - {P22YPt2r) 

= Piir - pii{P22rPi2r + p*i2r - p*22{P22yH2r 

and 

{^{a),V*{a)rC^)) = (^(^) - p22{<T-'P2i{<j)i>{a),V*{a)rm 
^{i^{a),V*{a)r{^)) 

we have 

Thus the pairing of £a-g{A) and £-a^g{A*) is the pairing of the spaces associated to 
V at ao and V* at ao which Theorem |6.4| asserts is nonsingular. □ 

8. Friedrichs Extension 

Suppose A e x^'^ Diff™(A/; E), A — x^'^P, is &-elhptic, symmetric and bounded 
from below by some cq < 0, as an operator C^{M;E) C x'^/^LKM; E) 
x~'^/^Ll{M; E). The domain of the Friedrichs extension is denoted 'Dp{A). Recall 
(Definition |7.7|) that we denote by ^^^{A) the space of functions u G I'max(^) 
such that w(cr) has poles at most at ctq ~ i'^ for = 0, 1, ... , by £a-„ the quotient 
2?cro(^)/^min(^) and by [u,w]a = {Au,v) — {u,A*v), as introduced in ( 3.12 ). 

Lemma 8.1. I)p{A) contains all u G 2?„iax(^) such that u{a) has no poles in 
{Scr > 0}. That is, Pmax(A) n iff (Af ; E) C Vf{A). 

Proof. We will show that if u G I?i„ax(^) r\Hl^''{M; E), there is a sequence {u„}„gN 
in C^{M;E) such that 

C\\u - Un\\l-^/2L2 + {A{u - Un),U - U„)^-„/2^2 ^0 aS 71 ^ 00. 



This will imply u G VpiA) by Lemma 4.3. Consider P = x'^A as an unbounded 
operator on Lg(M; Since it is 6-elliptic, we have H^{M; E) C X',nin(^')- There- 
fore, if M G X'max(A) nHl''{M;E), there is a sequence {u„}„eN C C;?°(M;i;) such 
that 

\\u - ^i«llL2(M;ij) and ||P(u - Un)\\i^2^M;E) ^0 as n ^ oo. 
With this sequence we have 

\\u — Un\\x-u/2i^2 — > as n ^ OO 

since Ll{M;E) ^ x-'^^LKM; E). Also, 

{A{u - U.n),U- Un)^-«/2L2 = (P(u - Un) , U - U„)^2 

< ||P(u-U„)||i2||M-U„||i2 

SO 

(A{u — Un), u — Un)x-i^/2i^2 ^0 as n ^ 00 
and the proof is complete. □ 
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Lemma 8.2. 'Dp{A) contains no u ^ 2^max(^) such that u{<t) has a pole in {3ct > 
0}. Thus Vf{A) C Pmax(A) n x-^H'^\M-E) for any e > 0. 

Proof. Let (Tq G speCb(A) be such that So-q > 0. Suppose that u £ V^tq n Vp. In 
particular, [w, u]^ = for all v S T>f{A) since is selfadjoint. From the previous 
lemma we know that 'D-a,j{A) C Vf{A), hence [w, w]a = for all v e V-^^^A), 
hence u ~ Q since by Theorem [7.17 the induced pairing [•, -J^ of and fo-^ is 



nonsingular. □ 

As a consequence of these two lemmas we get 
Theorem 8.3. Suppose A G a;^"^ Diff™(Af ; E') is h-elliptic and semihounded. If 

speCb(A) n {3fT = 0} = 0, 
then the domain of the Friedrichs extension of A is 



crespcc^{A) 

That IS, Vf{A) = I7n,ax(A) n H^{M- E). 

This finishes the discussion of the Friedrichs extension of A when speC(,(yl) n 
{3(7 = 0}. In order to determine the domain of the Friedrichs extension if speC(,(yl) 
does contain real elements, we need two more ingredients. The first is an invariance 
property, under certain circumstances (small z/), of Vf{A), which translates into 
the saturation property on the Mellin transform side. The second is the positivity 
of the conormal symbol of A when A is bounded from below. 

Let w 6 Cj?°(M) be a function with sufficiently small support, and equal 1 near 
the origin. Let (f) be the flow of X, which we shall write multiplicatively: the integral 
curve of X through p is i i— > 4>e* {p) ■ We can write 

with smooth positive functions Cr and which are equal to 1 if r = 1, or if x is 
close to dM (how close depends on r), or in complement of the support of lo. Thus 
we have 



m)= f elm 



Recall that for sections u of E, (p*u is the section whose value at p is the result of 
parallel transport of u{(j)T-{p)) to p along the curve through p. The connection is 
compatible with the hermitian form on E, so for sections w, v of iJ, 

{(j)*U,(t)*v)p = (m,w)0^(p). 

Let 7i- = (/)* j^i-, define 

KrU = T^'/'^Jr^U, U € C°^{M; E) . 

Then Kt defines an isometry 

x-'''''Ll{M- E) ^ x-'^^^LUM; E) 

and K* — Ki/t-. On functions /, Kt is defined as Kt/ = 0t/i that if / is a 
function and u a section of E then Kr{fu) — Kr{f)Kr{u). 
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A subspace V C x^'^^^LKM; E) is ^-invariant if 

Kt-u G V for every u G I? and r > 0. 

For example C^{M;E) is K-invariant. Let A e x'" DiS'j^{M; E) be arbitrary, 
write A = J2k=a + An where a:''Afc = Pfe G DifF;;'(M; E) has coefficients 

independent of x near SM, and An £ x""" Diff™(Af; i;). Then 

JV-l 

KrAn-^ = T^-^X^Ak+T^-^X^ AN,r 

k=0 

for some An,t £ 2;"" DifF™(Af ; E). In particular, for x near 9M and r smaller than 
some To (depending on x), 

KrAon:^^ = T^Aq. 

This identity and the K-invariance of Cj?° (Af ; E) easily imply that the canonical 
domains Pminl^o), I'maxC^o) and 2?max(^o) n x^HJ^{M ; ^) are ^-invariant. If 
is symmetric and bounded from below, then using Lemma 4.2 one also proves easily 
that the domain 'Df(Aq) of the Friedrichs extension is also K-invariant. 

Lemma 8.4. Let A e cc"'" Diff"(Af; i;) be b-elliptic. Let V C I?max(^) be a do- 
main on which A is closed. V is K-invariant if and only if the finite dimensional 
space 

£T> = {u:ue V}/S)o{{'^a > -iy/2) 

is a saturated space. 

Proof. If u is a smooth function on A/, then for r > 

r . dx 
K^io') — X '^'^ ijj{x)u(Tx,y) — 

J X 

x^'"^ijj{t^^x)u{x, y) — 
x 

= t'" u{a) + t'" Wr{a) 

for Wr = {uj{t^^x) — uj{x))u. Now, since uj{t~^x) — ijj{x) is a smooth function 
supported in the interior of M ^ then Wr is an entire function, that is, l€Pu,{a) — 
T'^'^u{a) is entire. The same conclusion holds when u is a smooth section of E: 

= t""m(ct) mod mc{C°"{dM;E\QM)) 

This proves that l^/d mod jool(3(T > —1^/2) is an element of £x) if and only if £x> 
is invariant under multiplication by t"^, i.e., if and only if Ex> is saturated, due to 
Lemma 5.13. The assertion thus follows from the isomorphism between I?/I?min 
and Ej} given by the Mellin transform. □ 

The second ingredient we need to determine the Friedrichs extension is the pos- 
itivity of the conormal symbols of operators bounded from below. This is standard 
but we provide a proof. 

Lemma 8.5. Let A G x^'' Diff™(Af; i?) be b-elliptic, symmetric and bounded from 
below. For every cr G M the conormal symbol Po{<j) of A is nonnegative. 
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Proof. Suppose v G C°°{dM;E). Let <f) e C^{0, 1) be such that / \<j){x)\^^ = 1, 
and let 



0n i'x) 



1 



Then e since it is smooth and supported in the interior of M. It is 

easy to prove that for real cr one has 



iA{x''' (l)nV), x"' (j>nV)^-^/2L2ij^,f.E-^ {Po{a)v , v) l2 (^qM -.EIom) ^s n 



oo. 



Pick c real such that A ~ cl > 0. The conormal symbol of A — cl is then the same 
as that of A. Thus 



< {{A - Cl)x"' (jjnV, X''^ (j)nV)^-./2L2(^M:E) ^ {Po{(^)v , v) ^2 (^qm ■,E\aM) ■ 



□ 



From Lemma 6.10 , the multiplicities associated to each o f th e points of spec (A) 
lying on the real line are even, and the last part of Definition 7.7 makes sense: there 
are well defined spaces i(^) foi' each a £ spcc^(y4) n {3ct = 0}. 

Theorem 8.6. Let A G x^"^ Diff™(M; i?) be b-elliptic, symmetric, bounded from 
below, and such that P has coefficients independent of x for x small. Suppose 
cr G speCj(A) =^ 3(7 — or |3(t| > j//2. Then the domain of the Friedrichs 
extension of A is given by 



Sct=0 
CTGspcC5(j4) 



Vf{A) 

In the situation of the theorem, the spaces T)^ i [A) /Pinin(^) agree via the Mellin 
transform, with those defined in Proposition 6.11 since P has coefficients indepen- 
dent of X near the boundary. 

Proof. With the hypotheses of the proposition, 

£{A)= £M). 

Qcr = 
(TgspOCj(A) 



where {A) was defined in |7.7| . Let 

£F[A)^VF{A)/Vra^r.{A), 

a subspace of £{A). Passing to the Mellin transform side, £f is saturated since Vf 
and X'min(^) are K-invariant, and selfadjoint in £{A) in the sense of the appendix 
of Secti on |6| since A with domain "Df is selfadjoint. Since £f is saturated, by 
Lemma 5.11 there are saturated subspaces £aj,F C £aj (A) such that 

£f 



Since £f is selfadjoint in £, since 



is nondegenerate, and since [u, w]^ = if 



ii e £cr^ (A) and v G £crk (A) with aj / ak (Proposition 7.11 ), each £crj,F is selfadjoint 
in £cr . Moreover, because A is bounded from below, V — Po is nonnegative by 
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Lemma 8.5, and so, by Lemma 6.10 the are even. Now Proposition ^.11 apphes 
and we deduce 

But by definition, V^. i is the space of elements on Pmax such that u represents 
an element in £„ . i . □ 

Lemma 8.7. Let A G x^'^ DiS]^ {M; E) be b-elliptic, symmetric and bounded from 
below, and let P — x'^ A. Then 

Anax(^) n 'Df{x^^P) C T>p{A) for any positive e < v. 

Proof. Note that 

(8.8) {x'^''Pv,v)^-./2L2 = {Pv,v)l2 = {x^^Pv,v)^-./2L2 

o 

whenever all three expressions exist. It is always true if e.g. v G C^{M; E). This 
shows, in particular, that A — x^'^P is symmetric in x^'^^^L'^ if and only if x^^P 
is symmetric in a;~^/^L^. Suppose e < v. Then x^^P is also bounded from below 
because 

(8.9) x-'/^Ll{M- E) ^ x-^^^LUM; E). 

Let u G Pmax(^) n Vf{x-^P) and let {m„}„6n G C^{M;E) such that 

c\\u - u„||^_,/2^2 + {x^^P{u - M„), u ~ u„)^^e/2L2 ^0 as n ^ oo. 

Then {x~^ P(u — Un), u — Un)x-'^/2L2 — {x~^P{u — Un), u — Un)x-c/2]^2 — > bccause 
of ( ^.8[ ). Since also ||m — w„||^-„/2i2 because ||m — w„||j.-e/2^2 0, the lemma 
is proved. □ 



Lemma 8.10. Let A = x P be as in Lemma 8.1. Then P can be written as 

P = Po + xPi 

with Pq, Pi G Diff™(M;i?) such that x^'^Pq is b-elliptic, symmetric, bounded from 
below, and has coefficients independent of x for x small. 

Proof. Near the boundary (9M, P can be written as P = Pq + xPi, where Pq has 
coefficients independent of x. Let lo G C^(R) be equal to 1 near dM , define 

PO = U)PoUJ+ (1 - W)P(1 - LO). 

Clearly (1 — uj)P{l — iS) is symmetric and bounded from below. As the conormal 

symbol of P, P = Pq is a selfadjoint holomorphic family in the sense that Via)* = 
P(a) on H™{dM; E\gM), and positive by Lemma S.5. From the Mellin transform 
version of Plancherel's identity it follows that ojPq uj is also bounded from below 
if UJ has sufficiently small support. Evidently, if the support of uj is small enough, 
then Pq is elliptic in the interior and therefore 6-elliptic. □ 



Lemma 8.11. Let A — x^'^P with P = Pq + xPi as in Lemma 8.1C. Then for 
Q < e < v , x^^P and x~'^Po are both b-elliptic, symmetric and bounded from below 
as operators on x' '^/"^LKM; E), and for small e, Vpix'^P) = Vf{x'^Pq). 



The first statement follows from Lemma 3.10 and the proof of Lemma 8.7, and 
the equality of the Friedrichs domains is a consequence of part ^ of Proposition 11 
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Theorem 8.12. Let A ^ x " DifF™(M; £') be b-elliptic, symmetric and bounded 
from below. Then the domain of the Friedrichs extension of A is 

Vp{A)^ ^ V,{A)+ ^ V,^i{A). 

-l//2<a(T<0 3cr=0 
crespcc^(A) o-espcCj(A) 

Proof. Let Vp^A) be the space on the right in the statement. Then A with domain 
'D'p{A) is selfadjoint, so we only need to prove that V'plA) C Vp{A), and we 
proc eed to do so. Write x'^A = Pq + xPi as in Lemma ^.IC] . From Lemmas |8.7| and 



B. Ill we get that if e > is small enough then 'D^^^{A) nVpix-" Pq) C VpiA). We 



may apply Theorem p.6| to x ^Pq and deduce that 

Vf{x-^Po)= Y1 ^a,ii^~'Po)- 



Ssa=0 

(TSspOC[,(A) 



But the intersection of this space and X'max(^) is 'D'p{A). Thus 'D'p{A) C Dp (A) 
and therefore V'p{A) = Vp{A). □ 



Together with Theorem 8.3 we in particular obtain 



'Dp = X>max(A) n Hl''{M; E) if and only if spcCb(A) n {3a = 0} = 



The following corollary improving part |J of Proposition 4.1 is an immediate 
consequence of the theorem, since the hypothesis implies that for — < 5cr < the 
spaces 2?cr for both operators are equal: 

Corollary 8.13. Suppose Aq, Ai e x^'^ Diff™(Af; P) are b-elliptic, symmetric and 
bounded from below. If Aq — Ai vanishes to order k, k > vjl, then Dpi^Ao) — 
Vp{Ai). 

9. Applications and Examples 

Let A G x^'^ Diff™(M; P) be fe-elliptic and assume that for any two distinct 
(To and (Ti in 9(cto — cri) ^ Using that [•, -Ja pairs £a-o{A) and £-ffg{A*) 

nonsingularly, one can extend the examples to the excluded case. Recall that A* 
denotes the formal adjoint of A, and S(A) = speC(,(A) n {~i//2 < 3cr < 1^/2}. 

Example 9.1. Regard A with domain Va-a{A) for some ctq G ^{A). Then, 

V{A*)= J2 ^^(^*)' 

where A* denotes the Hilbert space adjoint of A. If there there are one or more 
(jj G ^{A) such that ctq — <Tj — it with r G N, then in place of the 'D-^-[A*) one 
must use certain subspaces. 

Example 9.2. If A is given the domain 

E ^-(^)' 

crGS(A) 
acr<0 

then the domain of the adjoint is 

V{A*)= E T^^{A*). 

Q(T>0 
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Note that the poles of the Mellin transforms of elements in this space are on or 
below the real axis. 

Example 9.3. Suppose speCf,(A) does contain points on Sct — 0, but that all the 
partial multiplicities of each such point are even. Referring to Definition 7.7 
for the notation, let A have domain 

Then, 

(tGE(A) (tGS(A) 

Thus if A is symmetric then A with the given domain is selfadjoint. In Section |^ 
we proved that if A is symmetric and bounded from below then this is the domain 
of the Friedrichs extension. 

In some cases, in particular geometric problems, one encounters operators of the 
form B*B and BB* . Below we discuss some aspects of B*B using some of the 
results of this paper. The operator BB* can be treated in the same manner. 

Assume that B e a;"'' Diff"(M) is 6-elliptic, B = x'^'Q. Let V{B) C Anaxl^) 
be such that B : V{B) x~''/'^Ll{M) is closed. Then B*B is a selfadjoint ex- 
tension of the symmetric operator B* B, considered as an unbounded operator on 
x-'^^'^LliM). Recall that 

V{B*B) ^{ue V{B) I Bu e V{B*)} 

Since B* is a closed extension of the formal adjoint B* , B*B is indeed a closed 
extension of B*B with 

Anin(S*S) C V{B*B) C P,„ax(S*B). 

Note that if u G 'Dn^iix{B* B), then u is meromorphic in {3(t > — 3i^/2} with poles 
on the strip {iy/2 > Scr > ~3i^/2}. Write B*B = x-^T with P e Difffc'"(Af). 
The conormal symbol of B*B is then given by 

Pq{(^) Qo(ct - iiy)* o Qoia), 

where Qo{<t) is the conormal symbol of B. Thus, the boundary spectrum of B*B 
contains spec5(i?) and its reflection with respect to {3cr = —i^/2} (line of symme- 
try). In particular, every a G spec^(i?*i?) n {Str = —i^/'^} has even multiplicities. 
For ctq £ spec^(_B) define V^^lB) as the space of elements u £ I'max(S) such that 
Bu e I?max(S*), and such that u is meromorphic in C with poles at most at co — 
for 7? = 0, . . . , [i^]. Thus, for Sctq = we have V%^^{B) C X>mi„(S). 

Lemma 9.4. //li e V^^{B) and Sctq i^en Bit e V^i^iB*). 

Proof. Let ctq G speCb(i3) be such that Sctq = —i'/2. If u G 'D^^^{B), then G 
x~'^/'^L1 and w is meromorphic with poles at cto — for d = . . . ,\v\. It follows 
that i?u is then holomorphic in 5(t > ~v/2 which implies Bu G Pmin(S*). □ 

Since 2?,„i„(i3) C 'D{B) and Pmiii(_B*) C T>{B*), the previous lemma implies 

Lemma 9.5. //5cto = -!^/2 then V%^{B) C V{B*B). 
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Note that Vt (B) i . 

Example 9.6. If V{B) = V^niniB), B* B is the Friedrichs extension of B* B and 
(9.7) V{B*B) - e Anin(S) I Bu e v^.UB")}. 

Denote the set on the right by Vp- Since V{B*B) C Vp-, then Vj^ C V{B*B)^ = 
'D{B*B), where ± means the orthogonal in 'Dniax{B*B) with respect to [-j-Jb^b. 
Now let u e V{B*B), so Bu G Then, for every v eVp 

= [u, = (Bt^, Bu) - {v, B*Bu) = {B*Bv, u) - {v, B* Bu) = [v, u]b''B- 



This implies u G and we get (9.7). In this case, the Mellin transform u of 
an element u e 'D{B* B) is holomorphic in {Qct > — and meromorphic in 
{Scr > — 3i^/2} with poles on {a — iv\a ^ spec^(i?)}. 
If P(B) =Pn.ax(B), then 

D(B*B) = {u e P„,ax(B) I Bu e l?„,i„(B*)} 

and for u £ V{B*B), u has poles at most on specj(i?'^) n {—i'/2 < < vj'i). 
If V{B) = V^„{B) for some ctq e S(B) = speCb(B) n {-v/2 < 3o- < v/2}, then 

P(B*B) = {u e I?,„(B) I Bu e Y.a'DaiB*) for a e S(B*), a ^ cto} 

and for w G T>{B*B), u has poles at ctq and on {ct — z;/ | ct G specj(i3), a ^ oq). 

We finish this section with some concrete examples. Assume now that, near 
the boundary, M is of the form [0, 1) x S*" with dM = {0} x 5". Let be the 
Laplacian on 5", let x be the variable in [0, 1). For < < 2 let A = x^^P with 

(9.8) P = {xD^)^ + a^Dl + (3b^, 

/? = ±1 and nonnegative constants a and b. They arise, for instance, as Laplace- 
Beltrami operators on scalar functions associated to metrics of the form 

g^dx^/x^-"" + x''dy^. 

Compare Bruning and Seeley Lesch 0, and especially Mooers on /c-forms. 
The conormal symbol of A is defined to be 

Po{a) =a^ + a^Dl + Pb^, 

and the boundary spectrum speCj(A) is the set of points in C such that P{a) is not 
invertible. Since the set of eigenvalues of is {k{k + n — 1) | A; G Nq}, then 

specb(^) = {fT G C I fj^ + a^fc(fc + n - 1) + /36^ for some k G No} 

Consider A : C^{M) C x^^/^H^iM) x^^/^H^iM) as an unbounded operator. 
Then S — spec^(74)n{— i^/2 < 3(T < i^/2} is the only set that matters when looking 
for the closed extensions of A. We look separately at the cases 6 = and 6^0. 



Example 9.9. Let b — and a > in ( |9.8| ). In this case, A is symmetric and 
bounded from below. Note that + a'^k{k + n — 1) has simple roots in S when 
k ^ 0, and a root of order 2 when fc = 0. For illustration purposes it is enough 
to look at the case when v = 2 and n — 1. Thus S = {±ika | fca < 1, fc G No}. 
Suppose a > 1 so that the only point in E is 0. Then X'min(^) = xH^{M) and 

£{A) = 2?niax(^)/^?min(^) = Span{cJ, CJ log Cc} 

for some ui G C^(R) such that uj{x) — 1 near the origin. 
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Let ipo — Lu and tpi = Lulogx. Then, 

iZ-olcr) = and Vi(o-) = — 5 

with 

$(cr) = / x'^" D^uj{x)dx. 
Jr+ 

Let u = UQipQ + uiipi and u = woV'o + vi'4'i be elements of £{A). Then, with 7 a 
positively oriented simple closed curve in C surrounding 0, 

[u, v]a = <P a'^u{(T)v{a) da 

1 / /UqVi + UlVo - 



j> y j<^{(j)<^{a)d(T 
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If 2? is a domain on which A is selfadjoint, then V — I?,„in(A) © spanu with some 
u as above such that = 0. Thus uo^i + uiUq = which implies uqUi G iM, 

so spanu is one dimensional. Moreover, all selfadjoint extensions of A are of the 
form Ax:V^ ^ x^'^H^iM) with 

V^/V,niniA) = span{(e*^ + l)u; + {e'^ - l)cjlogx}. 

In particular, is precisely the domain of the Friedrichs extension of A. If < 
a < J, i gN, then T, = {±ika \ k = 0,1, . . . ,£} and we have 

i 

Vf{A) =V° ®Y.^{-^ka}{A). 

k=l 

Note that the partial multiplicities of the poles ika, k ^ are equal to 1, but the 
total multiplicity is 2. 

Example 9.10. Let a £ C^{M.) such that a(0) > 1. Then 

A = x-^ [{xD^)^ +a{x)^Dl] 

is symmetric and bounded from below. Moreover, is the only point of the bound- 
ary spectrum in {-1 < 3(7 < 1}. If Aq = x-'^[{xD^f + a{QfDl], then 

2?,„i„(A) = 2?,„i„(ylo), Pmax(A) = P,„ax(Ao), and Vf{A) = Vf{Aq). 



Example 9.11. Let 6/0. If /3 = 1 in (9.8), then A = x^'^P behaves similarly 
but 'nicer' than the operator in Example |9.9| since + a?k{k + n — 1) + fe^ has only 
simple roots, and specj(A) n {Scr = 0} = 0. 

If /3 = —1, the situation is different. In this case, the conormal symbol of A 

P{a) = 0-2 + a^Dl - 

fails to be nonnegative for real a and therefore A is not bounded from below. 
Moreover, + a?k{k + n — 1) — 6^ has two simple real roots, —h and h. We assume 
& < 1 < a, so speCf,(A) n { — 1 < Scr < 1} contains only —h and h. Thus 

£{A) = P,„ax(A)/2?,„i„(A) = s^&n{ux'\ux~'''] 

for some w G C^(R) such that ijj{x) — 1 near the origin. 
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Let V+ = ^x^^ and V- = wa; Then, with $ as above, 

Let u = «+■!/'+ + U-tp-, V = v+ip+ + V-tp-- Then, with 7 a positively oriented 
simple curve in C surrounding b and —b, 

[u, v]a = (o-^ - b'^)u{a)v(a) da 

^hii (^) "+^+*('^ - b)W^ 

+ (f+l) + b)^{a + b)}da 

= 2bi{uyU^ — U-V-) 

Thus [m, uJa = 2&i(|m_|_P — and if A with domain ■Djnin(^) © spanu is selfad- 

joint then |m+ | = 1 . Thus span u is one dimensional and all selfadjoint extensions 
of A are of the form Ax : ^ x-^H^{M) with 

V^/V^in{A) = span{wa;''' + e'^ux''''}. 
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